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Introduction

The manual “Derivatives and their application” is intended for independent
study of the corresponding section of higher mathematics. Each topic of the section
contains, in the most accessible form, information from the theory, instructions for
solving problems according to a type, and analyzed test cases. Tasks with answers are
given for the independent work of students. Particular attention is paid to the study of
functions and the application of the derivative to the solution of applied problems.

1. A derivative of a Function

1.1. Definition of a Derivative
Let some function y = f(x) be defined in the interval (a; b). We provide to any x
from this interval the derivative increment Ax. The difference Ay = f (x + Ax) — f (x)

is called the increment of the function at the point x.

If the difference quotient Ay/Ax has a limit as Ax—0, this limit is called the de-
rivative or differential coefficient of the function y = f(x) with respect to x and we
write

, . F(x+Ax)—f(x)
y =lim :
Ax—0 AX

If a function has a finite derivative at a point ¥, it is called differentiable at this
point.

The process of the derivative calculation is called differentiation. We denote
dy  df
dx dx

the derivative y'; f'(x);

1.2. Basic Rules of Differentiation

Let u=u(x);v=v(x) and w=w(x) be differentiable functions that depend on x
and ¢ be a constant. The following relationships hold true:

(c)'=0; (1)

(uUxv) =u+Vv'; (2)

(u-v) =uv+vu; (3)

Gy - (42)
v v

& =- (4b)
v v

(E)’ — U_ : (4C)
c ¢

(u-v-w) =u'vw+Vvuw+wuv; (5)

(cu) =cu'. (6)



1.3. Formulas for Differentiation for the Basic Elementary Functions (De-
rivative Table)

y=x", y' =nx""; (7)
y=vx, yo L. (8)
24x
y =log, X, , 1 )

xIna'
y=Inx 1 (10)
= X
y=a’ y'=a*lna (11)
y= e* y, =e* (12)
y=sinx y' =C0S X (13)
y =C0sX y'=-sinx (14)
y =1gx , 1 (15)
 cos? X
y = Ctgx 1 (16)
~ sin?x
y =arcsin x Y= 1 (17)
1-x?
y = arccos x yo_ 1 (18)
1-x°
y = arctgx , 1 (19)
%
y = arcctgx v 1 (20)
14X

Let’s consider examples of finding derivatives using formulas (1-20).
Example 1. y =10x° +5x"* —3.
Solution. Using (2), (1), (6), (7) we obtain
y' = (10x° +5x* —3) =(10x°)" + (5x*)' = 3) =10(x°)' + 5(x*)' =3 =
10-5x* +5-4x* —0=50x" + 20x°.
3

3f,2

Example 2. y = iS -
X X

: 1 = :
Solution. As —=a" and {/a" =a" we obtain
a



3

&
These derivatives could be calculated using (4a). We offer to do it by yourself.
Example 3. y=Inx-arctgx.

Solution. Using (3), (10), (19) we obtain

_2 _2_
"= (4% —3x 3)’:4-(—3)x‘3‘1—3-(—§)x 3

y'=(Inx-arctgx)’ = (Inx)'-arctgx + In x - (arctgx)’ = %arctgx +Inx =

1+x

Example 4. y= SI; X

Solution Using (4), (13), (11) we obtain

y,_(sinxj _(sinx)"-3*—(3")"-sinx _cosx-3*—3"In3- smx
3X (3X)2 32)(

Individual Task 1

Find the derivatives of the functions using (7-8) from the Derivative Table.

Variant 1
1. y=3x*+x’-3x+5 5 y:Z 2 3 3.y =3Yx+2Yx -3Jx
' x x° X

7 2 3 3 6 3 9

=t 5. y=7x'+¥x -2+ |6. y=12—x-2/x—-=+—

Nl i x| < Ix
Variant 2

Ly=4x+7x'=3"+1 |, 7 2 13 3.y =8%x +28/x - 7Jx

' 2x2  x* Xt

1 2 3 1 6 1 9

-2 5 y=x+28X——4+— |6 y=2x"—x -+ =

5Vx  Ux 2%/ y 5x ' Jx | 3 Yx
Variant 3

1. y=6x"+3x*-2x*-4 5 yo Lt 2 3 3.y =4x +6Yx —/x +¥x

2 1 3 6 31 9

= + — 5. y=x" +3\/_—— 6. y=>5x*- \/_——+—

T x| x| T
Variant4

1. y=9x" +3x? -7x°* -4 5 yo L 2 3 3.y=%x+x—x+Ix
Y w7
3X X x

4 3 14 6 3 9

4. y= -4 5.y =2X— 3\/_ 6. y=x?-4x-S+—

Tk x| x| X x




Variant 5

L y=6x°+3x*-7x’-4
7 by 3,8 3 [yt o
2 26 8 B
: +124 - St Y =RX X =X+ XX
x ¥x  Yx 5.y=x15+<‘/x—i+ ° g N/ —
Jx ¥ ST vl y=7x"-% = =
: +3X5-T7x*-9|2. y= > ,2_3 VATN XV -
: Y=o et T Y=
:2 _623 + 4 3X X6 X17 y_8x+12X_7+7X
P 5. y:—x+4x—i+ 8 6 {
B a6 y=5- : ™
. y:ﬂx5+7 12 Varlant7 X X X__+79
: X?-2x*-8|2. y= > , 2 X
S 6 o Yx +3x + T
PRI 5. y=x7—Z/x——+L —
1 B 6. y=X— 28X+
— arian 6
y 4x +2x —Tx+1 |2.y= 4,1t ; 2 § N | \/6X
R 75 60
= + _ 4 x*  6x° 3.y =6Yx+2% :
oJdx  §x  Yx 5. y=x"+8{x-—- 1 16 § —E —X
_ N y=4x-3 9/_
Cy=1-4x"+3x" - 7x S X 8/ X«/ 1\3/+7
2 y= 7 N 1 3 X
2 "5y 7 B
- 2 + . o 3.y =8Yx+2{x —/2x
I U 2 R e v
_ x x| =28 - \/4
T Variant 10 : _+4
2. y=2,23 Vx+6x =74 X
2 8 X -
=~ 5. y=x5+\5/x—E+ 0 6 —
- o R A A R
. y=6-4x"°+3x -7x° o "o /—XXZ/—+ 18
X* |y y= 1 8 13 X
4 3 o
_ B 16 e e
8 + / + T~
§x  Ix  Yx 5. )’:714)(_2"‘i 5 \
'™ T 6.y—X 1
_ e |
.y—3—x6—|—2x9—3x Variant 12 > : Xls_gs
2. y:7—z+ 2 _1 X
S 3.y =4x + 7 x —2/x




2,6 3
8 W

: y:5x+15x—§+—

6

6. y:x—2§/§—i+ J

X $x x2 8fx
Variant 13
Ly =4+2x" +x" -3x? 7 1 1 3.y=8-%x+2¥x —4Jx

. y:T_'_

X2 2x* By

12

= +
5JX

2 5
% W

Ly =7x°+4

1 6
X—=+-—=

x_Ux

Variant 14
LYy =2X +3x" - 2x -4 y= 1 .2 3 3.y =%¥x +¥/x —x +x
' B x> Xt
5 7 3 1 6
= + — Ly=2x+Yx-=—=+—|6. 2\/;——+
K g =" )T ox
Variant 15
Ly=2x"+3x2-7x"' -4

1 24 7

2+8 7
2xX°  X° X

3.y= Ix_x +4/x

2 2

4 3 14

"X Ex

y=x—Yx—> 40

x° 3[x

:_—4 x——+

&

Variant 16
6 2 8 3 N~ 25
.y:X—+3X7—2X19—4 YEZt w7 3.y =—6Yx-3x +¥x
6 X° X X
6 3 14 ix 12 Yx 3 3
_ _ + —y8 N = & — 3____ _—
R R A R il e A S
Variant 17
_ By 10 2 2,18
Ly =5x" +4x*-7x" -9 .y:%+il4—i7 3.y:4/;+g5\2/;_9\/;
X®  2X X
4 13 4 4 8
C . — + L Yy="2¥X——+— |[6. y=-2 x——+
& n'm 2w f ey
Variant 18
Ly =9-2x"® +7x2 - 2x* y_i+i_ 3 Ux x—79x
"7 x® 52XV :_+4 X = 73X
6 9 5 4 5 4
=—-—— L y=T7+Ix-—+—— |6. X — 6x——+
R I R A R A
Variant 19
1, 5 9 1 7 6 " 1
L YV==X"+5x>-9-x e 3.y =~/X+ 25X ——=A/X
y 3 y Xt 3x® 6x° y =8+ 28x 9\/_
5 6 45 5 5 1 3 5
:\/;4_]_.\2/;_4\5/; .y:X +'§/_—F—$ 6 y:X—BX—F'FW




Variant 20

1. y=1-2x+3x" —12x 4 1 3 3.y =8-9x +2¥x —bx
A v i
X° 595X X
22 7 25
4 y="Z4 - 5. y=4- &——+— 6. y=x! —&——+
K x| x| Fx
Individual Task 2
Obtain the derivatives of the functions using (9—20) from the Derivative Table.
Variant 1
1.y=7Inx -2sinx 2. y=8cosx--5¢e* 3. y=7cosx +9arcsin x

4. y =T7ctgx +5" +arcsin x

5. y =3arctgx —4tgx

6. y =2arccos x —3arcctgx

Variant 2

1. y =>5arctgx —7ctgx

2.y =Ttgx +2* +9arcsin x

3. y =2sin x +3arccos X

4. y=4cosx-—6e"

5. y=8Inx -5sinx

6. y =2arcsin x —arctgx

Variant 3

1. y=1barctgx —6e*

2. y=2arcsinx +7*

3. y=8sinx —6arctgx

4. y=8Inx —12ctgx

5. y=14cosx-3sin X

6. y =T7tgx +7arccos x

Variant 4
1. y=32arcsinx —6¢ctgx | 2. y =15arctgx-7sin x 3. y=4cosx +15arccos x
4. y = 22tgx —6€” 5. y=8sinx +9” 6. y =4Inx +2arctgx
Variant 5

1. y=4cosx +3arccos X

2. y=9arcsin x —4ctgx

3. y =6arctgx +8sin x

4. y=3sinx +22¢”

5. y=18Inx +15*

6. y =T72tgx —23arctgx

Variant 6

1. y=T7tgx-5-2*

2. y=19arcsin x — 2tgx

3. y =18ctgx — 2arcctgx

4, y=4sinx—7Inx

5. y =6arctgx + 9e”

6. y=4cosx—7arcsinx

Variant 7

1. y=2ctgx—5-arccosx

2. y=19sin x —12tgx

3. y =8tgx — 2arctgx

4, y=8cosx—7e"

5. y =5arcsin x + 4e*

6. y=55Inx—7arcctgx

Variant 8

1. y =5arctgx + 3e*

2. y=5Inx—7arcsin x

3. y=18sinx—4-9”

4, y = 3ctgx — 2arctgx

5. y=9co0s x —52ctgx

6. y=2tgx —7-arccosx

Variant 9

1. y=2cosx —8ctgx

2. y=11sinx—4-8"

3. y=5Inx—7arcsin x

10




. 'y =12tgx — 6arccos x

.y =25arctgx + 6e”

.y =T7ctgx — 21arctgx

Variant 10

[EEN

. 'y = 6tgx — 2arctgx

2. y=99arcctgx +12e*

3. y=12ctgx —16arccos x

I

. y=6Inx—4arcsinx

5. y=11-sinx —45"

.y =2arcsin x —9ctgx

Variant 11

[HE

.y =25Inx +5sinx

. y=18cosx —5¢”

3. y=3cosx +15arcsin x

y = ctgx +12” +arcsin x

. 'y = 7arctgx —14tgx

. 'y =2arccos X —3arcctgx

Variant 12

y =15arctgx —2ctgx

.y =Ttgx +7* +9arcsin x

.y =arcsin x +3arccos X

y =4c0osx —6e”

. y=8Inx -5sinx

. Yy =2sin x —arctgx

Variant 13

.y =8arctgx —9e*

. y=2arcsinx +2- 4"

. 'y =18sin x —6 + arctgx

4, y=27Inx —12 —ctgx . y=4cosx-3sinx 6. y =3tgx +7arccos x
Variant 14

1. y=rarcsinx —6+ctgx | 2. y=15arctgx-7sinx . 'y =3C0s X +15arccos X

4. y=11tgx —6e* 5. y=8sinx +6-9* . Yy =4InXx +2arcctgx
Variant 15

1. y=mcosx +3arccos x . 'y =9arcsin x —4ctgx . 'y =6arcctgx +8sin x

4. y=3+sinx +22¢e" 5. y=9Inx +2-5" .y = 24tgx —2 — 3arctgx
Variant 16

1. y=T7ctgx —4-7* . Yy = zarcsin X — 4ctgx . 'y =1+ 8tgx — 2arctgx

4, y=2sinx—-12Inx .y = 7arcctgx + 3e* . y=14cosx —4arcsin x

Variant 17

y =12tgx — 7 arccos x

. 'y =9sinx —12ctgx

.y = 2ctgx — 29arctgx

y =16c0s X —4e*

5. y =5arcsin x + 45e*

. y=6Inx—4arcctgx

Variant 18

y =56arcctgx + 38e”

. y=52Inx—-11arcsin x

. y=9sinx—7-6"

y =3+ 2tgx — 21arctgx

5. y=7cos x —9tgx

. 'y = 2Ctgx — 7 + 2arccos X

Variant 19

y = £ C0S X — 8ctgx

2. y=12sinx—4-3"

3. y=15Inx—2arcsin x

4. y =13tgx — 7arccos x

5. y =15arcctgx + 88e*

. 'y =17ctgx — 21arctgx

Variant 20

y =16tgx — 4 — 2arcctgx

2. y=9arctgx + ze*

. 'y =6ctgx —17arccos X

y =16In x — 4arcsin x

5. y=11sinx —2- 45"

. 'y = 2arccos X — 9ctgx

11




Obtain the derivatives of the functions using basic rules of differentiation (1-6).

Individual Task 3

Variant 1
1. y=16tgx - arcctgx 2. y=9arctgx-e* 3. y=06ctgx-arccosx
4 y= 16If1x 5. y:1ls|nx 6. y:2arc:cosx
arcsin x 45" —9ctgx
Variant 2
1 v 16tgx 5 _ 9arctgx 3 v 6etgx
7 arcctgx ' e* "7 arccosx
4. y=16Inx-arcsin x 5. y=11sin x- 45 6. y =2arccosx - ctgx
Variant 3
1. y=mcosXx-ctgx 2. y=12sinx-3* 3. y=15Inx-arcsin x
4 vo 13tgx 5 _ 15arcctgx 5 _ 17ctgx
7 arccosx ' e* "7 arctgx
Variant 4
1 :3cosx 5 :123|nx 3 v 15In_x
ctgx 3 2arcsin x
4. y=13tgx-arccos x 5. y =15arcctgx - e* 6. y=17ctgx-arctgx
Variant 5
1. y =56arcctgx - e” 2. y=52Inx-arcsin x 3. y=9sinx-6"
4 ve 2tgx 5y 7COS X 6. v 2ctgx
arctgx Otgx 7.arccos X
Variant 6
1 y:56arcctgx 5 v 2IrTx 3 y:9S|nx
38e” arcsin x 7-6
4, y =2tgx - arctgx 5. y=7cosXx-tgx 6. y = 2ctgx-arccos x
Variant 7
1. y=12tgx-arccos x 2. y=9sinXx-ctgx 3. y =2ctgx - arctgx
4y 16e 5_y:w 6. v _oInx
COS X e arcctgx
Variant 8
1 v 12tgx 5 :93|nx 3 v 2ctgx
JT arccos X Inx 9arctgx
4. y=16c0sX-e* 5. y =5arcsin x - &* 6. y=6Inx-arcctgx
Variant 9
1. y=T7ctgx- 7" 2. y = rarcsin X - ctgx 3. y=8tgx-arctgx

12




_ 2sinX __ Tarcctgx _ 14cosx
" Inx e " arcsin x
Variant 10
_Tctgx _ rarcsinx _2arctgx
7 © ctgx X
. y=2sinx-Inx . 'y =Tarcctgx-e” . 'y =14cosx-arcsin x
Variant 11
. 'Y= COSX- arccos X . 'y =9arcsin x - ctgx . 'y =6arcctgx -sin x
_ 3+sinx _ 9Inx 24 .3
e " arctgx " tgx
Variant 12
7T COS X Qarcsin x Barcctgx
=— = ——  —4ctgx =—
3arccos x ctgx sin x
. y=(3+sinx)-e* . y=9Inx -5 . Y = 24tgx -arctgx
Variant 13
. 'y =6c¢tgx - arctgx . y=4arccosX-8" .y =2tgx-arcsin x
__6arccos x _ 7+sinX _2artgx
" Inx 5 ~ 9—ctgx
Variant 14
_ 16 +tgx _ 9+arctgx _ bcosx
~ arctgx o 2-¢" ~ arcsin x
. Y=(16+InXx)-arcsinx .y =12sinx-4* . 'y =(2+arccosx) -tgx
Variant 15
~ 3-COosX _ 2sinX _ 5Inx
 tgx B ~ 2+arcsinx
. 'y =(3—1tgx) - arccos x . y=T7arctgx-e* . 'y = (7 —ctgx) - arctgx
Variant 16
. y=(6-+arcctgx)-e” . y=2Inx-(5+arcsinx) |3. y=4sinx-9"
219X _ 7COsX _2ctgx
~ arcctgx =9 — tgx ~ 7Inx
Variant 17
_ 5-—b6arcctgx _ 2+Inx _Inx
s ©arccos X =%
.y =(2+sinX)-arctgx .y =(7—cosXx) - tgx .y =4ctgx - 4x
Variant 18
.y =12tgx - Inx . y=9sinx-8" . 'y =(2+ ctgx) - arctgx

13




X _ 5—arcsin x 6In x
COS X 4e 5+ arctgx
Variant 19
1 ve /ctgx 5 v 8sin x 3 v 2 —Ctgx
"7 2-—arccosx "7 Inx+5 "7 Qarctgx
4. y=16cosx-(2—¢€") 5. y=b5arcsinx-Inx 6. y=6%x -arcctgx
Variant 20
1. y=(7+ctgx)-7* 2. y=(m—arcsinx)-ctgx | 3. y=(8+1tgx)-arcctgx
" y:2—smx 5 y:7arctgx 6. y = 4cos?<
5In x e’ —4 4 —arcsin x

1.4. Derivative of a Function of a Function (composite function)

If y = f(u) has a derivative at the point u and u = g(x) has a derivative at the

point x then a function of a function y = f(g(x)) has a derivative at the point x, and
y e , dy dy du
y'=f'(u)g'(x) or O du d (21)

In other words, its derivative is obtained by differentiating the outer function f with
respect to g and the inner function with respect to x and multiplying the two derivatives

We obtain the derivatives of the functions using the rule of differentiation of a
composite function.

Example 1. y = (3x° + 4)°.

Solution. The outer function is a power function then we use (7) and (2)

Yy =8(3x° +4)° - (3x° +4) =8(3x° + 4)" -156x* =120x"*(3x* + 4)".

Example 2. y = cos’ x.

Solution. The outer function is a power function and the inner function is a
trigonometric function. We use (7) u (14) and obtain

y' = (cos* x)' = 4cos’ x - (cos X)' = 4cos® x(—sin x) = —4cos® xsin x.

Example 3. y =/x® +arcsin x + 3.
Solution. Using (8), (2), (7), (17), (1) we obtain

y' = (VX +arcsinx +3)' = = -(x® +arcsinx+3)’ =
2/%° +arcsin x +3
L -(5x* + L ).
2/%° + arcsin X + 3 1-—x?

sin x

Example 4. y=5%.¢
Solution. Using (3), (11), (15), (12), (13) we obtain
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y — (5tgx esinX)r — (5tg><)resinx + 5tgx (esinX)r — 5tgx In 5. (tgx)resinx + 5tgx esinX(Sin X)' —

1 . . .
— 5tgx In 5 . : eSII‘I X + 5tgx eSln X COS X = 5th eSln X (In 5 . :
COS™ X COS™ X

Example 5. y = VCt?X
log; X
Solution. Using (4), (8), 16), (7), (9) we obtain

«/ctgx), _ (yctgx)'log; x —y/ctgx (logs )

+ COS X).

y :(Ioggx (log; x)?
~_(—)log! x— yJetgx (4logdx- )
_2y/ctgx ~ sIn“X xIn3"
) (log; x)* )
log x( log, X 2 L Actgx log, X +.4\/@
2 /ctgxsin®x  xIn3 2 /ctgxsin®x  xIn3
log$ x o log3 x '

Example 6. y = In*(arcctg~/5x* +¢e** —1).

Solution. Using (7), (10), (20), (8), (2), (7), (12), (1) we obtain

y' = (In*(arcctg/5x* + e —1))’ = 4In°(arcctg/5x° +e** —1).

1 1 1
: (- )
arcctgy/s5x® +e* -1 1+ (V5x* +e* —1)* 25x* +e¥* -1

(10x +e*3).

Individual Task 4

Obtain the derivatives of the composite functions using (21)

Variant 1
1. y =16tg3x +arcctg’x | 2. y =9arctgx® +e* 3. y=ctg/x +arccos(7x%)
4. y=6Inx-arcsiny/x | 5. y=11sin’x-5> 6. y = 2arccosx* - ctg?x
2 ye 161In° x? 8 _11ysinx 9 y_2arcc:osx3
-7 Jarcsinx SR ' 9ctg®x
Variant 2
1. y =c0s5x + 7arctg’x 2. y=9sinx®+5% 3. y=T7tg4/x + In(4x%)
4. y=6./ctg2x -arcsinx® |5. y=11larcsin®x-e* 6. y =2cosx*-tg>x
7. y= 61In*3x° g _ +/sin5x 9 y_2arcc:tg4x2
7 Jarcsin 2x YT BN x ' 9tg*x
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Variant 3

.y =2e> +ctg’x

2. y=9sin x® +cos® x

3. y=2ctg/x +tg(4x°)

.y =3VIn2x -arcsin&

5. y =11arcsin® X - cos x*

6. y = 2ctgx” - arcsin® x

JIn3x? cos+/5x 3arctg3x°
y=_nSx__ 8. y= 0V 9, y= A9
3arccos 4/2x 5Inx tg°Xx

Variant 4

. y=2c0s3x+9In’ X 2. y=9arcsinx® +tg3x | 3. y=6ctg~/x +arccos(7x°)
. y=64Inx-arcsin/x | 5. y=11sin’x-5> 6. y = 2arccos x> - ctg>x
_ 16In°x° o _11sinx 9 v 2arccos X°
Jarcsin x YT s ' 9ctg®x
Variant 5
.y =12cos5x + 3arctg®x | 2. y=9sinx’ +5> 3. y= 7e¥ o arctg(7x°%)
. y=4/sin4x -arccosx* | 5. y=T7arcsin’ x-e” 6. y=4cosx*-In*x
_ctg?2x° g v Jcos3x 9 v arcctg7x’
Jx ' 3In* x ' 7tg”x
Variant 6
. Yy =5In5x + ctg°x 2. y=4sinx* +cos* x 3. y=6¢ctg¥/x +1tg(6x°)
. y=3¥In3x-arcsin¥x | 5. y=8arcsin®x-cosx® 6. y =3ctgx® - arcsin® x
_ R/sin3x° 8. y= ctg/5x 9 v 3arcctg5x’
V= 6In4/2x ' 5e* ' ctg*x
Variant 7
. y=16In3x+cos® X 2.y =2arctgx’ +4e* | 3.y = 7tg/x + arccos(2v/x%)

. y=6+/sinx -arcsiny/x |5. y=8sin*x-4* 6. y = 6arccos x® - ctg®x
9In° x o y_8\/sinx 9 y_ZOcosx3
Jarcsin x ' 5+ e ' ctg®x
Variant 8
. y=2ctg8x +arcsin®x | 2. y=4sinx’ +In4x 3. y=4tgd/x +In(7x")
.y =24/tg6x -arcsin(2x?) | 5. y =arccos’ x-e** 6. y=5cosx’-tg’x
3 2 4
_ In (?fx ) 8 v ,/tg62x 9. v 2arctg4(4x )
Jarcsin5x 6C0s” X tg™x
Variant 9
. y=5e"" +19°x 2. y=3sinx’ +cos’ X 3. y =42tg¥x + cos(3x")
.y =3sin5x -e"* 5. y=2arcctg®x-cosx® | 6. y=2cos(3x%)-In®x
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_ AIn3x¢ 8. y= cos+/5x 9. y= 3arctg3x’
V= 3arccos4/2x 5In x° tg°®x
Variant 10

.y =4In4x+arcsin® x

2. y=2arctgx® +tg°x

3. y =5ctg¥/x +arccos(2x°)

.y =4sinx -arcsin/x

5. y=7sin"(7x)- 7%

6. y=3cosx” -arcctg®2x

_6yIn*x? 8. y= /sin x _cosx’
~ cos5x’ ' ¥’ 8arctg®x
Variant 11

.y =4cos4x + 2arctg>x

2. y=sin9x® + 2*

3. y=7sin ix + 3/arctgx

. Yy =5+/sin3x - arccos(5x*)

5. y =4arcsin® x - e**

6. y=4arccosx’ -In®x

2 > 3

_19°x _ +Jcos4x 9. y= arctg:73x

2X° 4ln* x 3ctg'x
Variant 12

.y =5 +1g°x

2. y=2sinx® +4cos® x

3. y=3ctg/x +3tg(3x°)

. y=4%In4x -arcsin4/x

5. y =3arcsin® x - cos x?

6. y=7cosx’-In®x

arcsin x® 8 v tg\/7x 9. y= 3arcsin5x’
42x AT ' arcctg’x
Variant 13

. y=e>+7cos’x

2. y=4arcctgx® +14In4x

3. y= ctg\/;+ cos(2\/?)

. y=7+/sinx -arctg/x

5. y =5sin* x-cos(4x*)

6. y =5arccos x’ - tg°x

41n° x 8 _ 84sin2x 9 y_3c:osx3
Jarcsin3x SRR ' tg°x
Variant 14

. 'y =8ctg2x +arcsin® x

2. y=3sinx® +4In4x

3. y=4tg¥/x +5In(7x*)

.y =4/tg3x -arcsin(2x°)

5. y =arccos® X - >

6. y=5cos(3x%) -tg’x

In*(3x")

JJarcsin9x

8 yo w/cthx

5c0s° X

2arcctg(3x*)
y= 2
tg2x

Variant 15

.y =6e¥ +8tg°x

2. y=8sinx> +5cos’ x

3. y=3tg4/x +cos(4x®)

.y =2sin7x 62

S.
y =9arcctg*x - cos(4x°)

6. y =8cos(5x*)-In®x

\JIn3x®

2arccos §/§

_arccos+/x
5tgx°

_ 3arctg(4x”)
ctg>x
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Variant 16

1. y=4"+6arcsin®x | 2. y=_2arcctgx® +5tg°x | 3.y =2ctg?/x +3arccos(5x?)
4. y=4J/Inx -arcsiny/x | 5. y="7arcsin*x-4" | 6. y=9cosx*?-arctg*3x
\Jctg®x? \/sin3x cos x°
7.y= - 8. y= — =
2C0S9X 6e 6arctgx
Variant 17

y = c0s5x + 12arctg°x

2. y=3sin2x® +9*

3.y= 2sin$/x +53 arcctgx

.y =154/sin3x - cos(5x")

5. y =3arcsin® x-e”*

6. y=4arcsinx’-In®x

7.y~ tg“x Jcos x2 0. y= arctg2x®
3xE ~ 5In*x 3tg°x
Variant 18
1. y =2In5x + 4tg*x 2. y=6sin(5x°) +4cos’x | 3. y=2tg3/x +5ctg(7x*)

4. y=23In7x-arcsin¥/x |5 6. y=7arccosx’-In®x
y = 3arcsin® x - cos(6x?)
. §sin(7x°) 3 _ tgV9X+6 9 y:arcsin5x7
TR T T g
Variant 19
1. y=4cos4x+arctg®x | 2. y=2arctgx®+7ctg’x | 3. y=7tg¥x +arccos(7x?)
4. y=4sin4x -arcsin/x | 5. y = 2sin’ (4x)-7* 6. y =3cosx® - arcctg?4x
3WIn*x® \/sin5x cos x°
. y= 8. y=—_— 9. y=——+
2C0s4x° 6™ 6arcctg®x
Variant 20
1. y=3cos4x® +2arctg®x | 2. y=7sin2x*+6e> |3, y=7cos4/x +43/arctgx
4. y=8ysin3x-cos(5x*) | 5. y=4sin®x-ctg2x® | 6. y=4cosx’-In’x
2 yo ctg X o v Jcos7x2 _ arctg5x®

1.5. Derivative of th

e Inverse Function

If the function y= f(x) is differentiable in a given interval (a, b) where
f'(x)#0, then the inverse function x=g(y) possesses a derivative at all points in the

corresponding interval and

|
g(y)—f,(x),
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Example 1. Obtain the derivative y/ of x=y°-3y’.

) ) 1
Solution. x’, =5y* —6y. Using (22), V' = .

Example 2. Obtain the derivative y, of x=yIny+siny.

Solution. x, =y Iny+y(Iny), +cosy=Iny+1+cosy. y, = :
Iny+1+cosy

1.6. Derivative of the Implicit Function

Let y(x)be an implicit function of x, F(x,y)=0. There are three points to ob-
tain the derivative y'.
1. Differentiate all terms of the equation with respect to x.

2. Carry out the differentiation.
3. Solve for y'.

Example 1. Obtain the derivative y' of x*+y®>=25.

Solution. Differentiate all terms of the equation x> + y° =25 with respect to x

and obtain 2x+5y*y'=0 = y'= —52—)(4.
y

Example 2. Obtain the derivative y' of x* +10x*y® + y* =10x°.

Solution. Differentiate all terms of the equation with respect to x
3x% +10(2xy° + x*3y?y") +3y’y' =10-2x; 3x* + 20xy® + 30x*y?y’ + 3y?y’ = 20X ;

_ 2 3 . _ 3
3y?y'(10x* +1) = 20x — 3x* — 20xy®; y' = 20x 23X - 20%7 _ X(202 3X - 20y7).
3y“(10x“ +1) 3y“(10x° +1)

Example 3. Obtain the derivative y; of sin(xy) + cos(ﬁ) =tg(x+Y).
y

Solution. Differentiate all terms of the equation with respect to x

cos(xy) - (xy) = sin(2) () = ———(x+y)’;
yo 'y cosT(x+Y)
cos(y) (y + 1) —sin) Y =1 —q.y),
y y cos“ (X +Y)

!

1 y

Xy’ N .
cos’(x+y) cos’(x+y)

y cos(xy) + xy'cos(xy) —lsin(i) +— sin(ﬁ) =
y

1
cos?(X + y)]  cos?(X+Y)

y’[xcos(xy)+izsin(§) — — ycos(xy) +£sin(§);
y y y y
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1. X
e — ycos(xy) +—=sin(—)
y' =S8 (x+y) y |y

_ X . X 1 .
(xcos(xy) +y23'”(y) _cosz(x+y)j

1.7. Derivative of the Parametric Function

Let y(x) be a parametric function that is given by parametric equations
X=¢(t), y =p(t) where ¢(t), o(t) are differentiable functions of t, ¢(t) 0. Then

dy
ﬂ:ﬂ:_(P(t) or y;:L
dx  dx  g'(t)
dt
y =3sin’t;

)"

X

Example 1. Obtain y, of {
X =2c0s°t,
Solution. As y; = (3sin®t)! =3-3sin®tcost =9sin’tcost ;
X! = (2cos’t), = 2-3cos’ t(-sint) =—6sintcos’t, then using (27),
, _ 9sin’tcost  3sint 3

X

" _6sintcos’t  2cost 2

=12,
Example 2. Obtain vy, of y
X=t+1.

) . 2t
Solution. y’ =2t; x' =3t*. Using (23), y. ==— =
Y X, g(23), v, 27 3t

2t A5~ 2
_ =e“ sin‘t,
Example 3. Obtain y, of y s
X =e’ cos’t.
Solution.

y; = (€*'sin’t)! ={according to (3)}=(e*)'sin’t +e*(sin’t) =
=e”'2sin’t + e* 2sintcost;

"= (e cos’t)! = (e*') cos’t +e*(cos’t)’ =e* 2cos’t —e* 2sint cost.
X t

. . 2e”'sin®t+2e*sintcost  2sin®t +sin 2t
Using (22) v, = ——— e = > : :
2e“ cos‘t—2e“ sintcost 2cos“t—sin2t

Function

(23)

1.8. Logarithmic Differentiation. Derivative of the Exponential and Power

Certain functions may be more easily differentiated by expressing them loga-

rithmically first. There are some cases to use logarithmic differentiation.
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1. We need to differentiate the product of three or more functions or a fraction
whose numerator and denominator contain the product of functions.

2. We need to differentiate the exponential and power function y =V (x)
The function y =V (x)"™ can be differentiated using the formula
y =V X)) =vVInv.-U' +UV' V', (24)
They are often mistaken, considering the function y =V (x)"® only exponen-
tial or only exponential.

U (x)

2 2 2Xx
Example 1. Obtain the derivative of the function y = (x+1) -cosx’-3
\/5x—1-tgx

Solution. Let us logarithm this expression using the rules

log, |a-b|=log, [a| + log,|b|; (25)
log, % =log, |a| - log, [b|; (26)
log, [a"|=nlog, ). (27)

(x+1)%-cosx*- 3%
V5% —1-tgx

Iny =In(x+1)* + Incos x> +In3> — (IN\/5x =1 + Intgx) ;

=In((x +1)? - cos x? - 3**) — In(~/5x -1 - tgx);

We obtain Iny=In

Iny =2In(x+1) +Incos x® +2xln3—%ln(5x—1)—lntgx.

Differentiate both parts of the expression obtained
1y’: 2 1 2(—sinx2)2x+2In'3'>—1 > _1 12 ;
y X+1 cosx 25x—-1 tgx cos x

y’:y( 2 + 12(—sinx2)2x+2ln3—l > L 1 j;

X+1 cosx 25x—1 tgx cos’ X

. (x+1)%cosx?- sin x

_( D’ 32 — inx” 2X+2In3- > - 1
Jox—1-tgx | x+1 cosx? 2(5x—1) tgxcos’x )’

Example 2. Obtain the derivative of the function y =(tgx)™"".
Solution. Use logarithmic differentiation and obtain

sin

Iny =In(tgx)™"" =(from 24) =sinxIn(tgx);

%y’ = (sin xIn(tgx)) =(sin x)' In(tgx) + sin x(In(tgx))’ =

. 1 . cosx 1
= cos xIn(tgx) +sin X — ——— = cos xIn(tgx) + sin X —————;
tgx cos” x Sin X €cos” X
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y' = y(cos xIn(tgx) + L) = (tgx)™" (cos xIn(tgx) + i) .
COS X COS X

Example 3. Obtain the derivative of the function y = (arcsin 5x
Solution. Use (25). Then V (x) =arcsin5x ; U (X) =v2x* +3x.

!

y' = (arcsin5x) B (arcsin 5x)(\/2x2 + 3x) +

+1/2x + 3x (arcsin5x) et (arcsin 5x)’ =
)\/2x2+3x . In( 4x+3

S
2+/2X%% + 3X

++2x? +3x - (arcsin 5x)‘2x2+3x_1- >

JI-(5x)?

Individual Task 5

)xi2x2+3x

= (arcsin5x arcsin5x)-

Obtain the derivatives of the inverse, implicit, parametric, exponential and
power functions using (22-24)

Variant 1
1. x=sin’y+cos’y ) { x=12—2t, 3 y:(cos34x)%
y=t*+2t;
4. xsiny—cosy+cos2y =0 c { X =2(t —sint), 6. y:(tgx)m
y =2(1-cost);
Variant 2
1. x=e"" ) { x =sint?, 3. y=(tg3x)™"
y =Cos’t;
4. xe¥ —cosX+cos2y =0 ; {x—Zsin?’t, 6. y:(lnx)m
y =2c0s’t;
Variant 3
1. x=,Jy +cosy? 2 {X:\/tz—Zt, 3. y:(ctgzx)&
y=Int;
4. ysin2x —~/x cosy +cos(xy) =0 c {x=tsint, 6. y=(arctgx)"
y =t —cost;
Variant 4
1. x=ctgy +5cosy , X = 3sin’t, 3. y=(sin4x)™"
' { y = cost’;

22



. 28’ —ycosx+xcos2y =0 c { X = ctg 7t 6. y:(m)“gx
y =2c0s’t;
Variant 5
. x=2sin*y +4cos? y ) { X =arcsint?, 3 y:(cosx)z%
y =In(t? + 2t);
. Xe¥ —cosx + ytg8x=0 5.{X:m’ 6 y:(sinx)m
y = (1- 7cost);
Variant 6
. X=y+5e , {x:arcsintz, 3.y =5(tg3x)" """
y =arccos’t;
. 2ye” —2c0sx +C0s2y =0 : {x=arcsin3t, 6. y:(arcsinx)m
| y=2veost;
Variant 7
. X =3y +5ctgy? 5 {x= t? - 2t, 3. y:(arctgzx)InX
y=3e,
. 4yx —~/x cos2y + cos(xy) =0 . {x:m, 6. y=(ctg3x)"
y =t —cos3t,;
Variant 8
. X=Cctgy +5cosy 5 x = 3sin’t, 3. y:(sin4x)5X+2
| { y = cost®;
. 2xe’ —cos(Xy) + xcos6y =0 c {x_ctg7t2, 6. y:(COSXZ)gcth
y =2C0s3t;
Variant 9
. x=5sin’y +cos®7y , { X = (t2 = 2t)°, 3 y:(ctg\/;)gs'”x
y=192t;
. 2Xsin3y —xcosy +tg(2xy) =0 : {X:ctg\/f 6. y:(4tg2X)cosx
' y =3/(L—cost);
Variant 10
. X = g¥eeos2y , X =sint, 3. y=(ctg3x)"""
' { y =./cost ;
. 2ye" —3ycosx+cos2y =0 | { x = arcsint, N y=(arccosx)xa
y = arccost’;
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Variant 11

y = 2arccos’t;

X = arctg2t?,
2 { g

_ 2 1
. X=3,/y +2c0s°y ) X = /3t3—2t, 3 y:(ctg3x2)x
y=¢';
: 3sin(>q1)—\/§cosy+ ytgx =0 c X =/tsint, 6. y:(thX)i
y = (t —cost)?;
Variant 12
. X=3ctgy +5cos2y , X = 3sin*t, 3. y:(cos3x)tg(5x+2)
" | y=3cost?;
Yy _ 2 — _ 2 . ctgx 2
. Xxe? —y“cosx+xIn5y=0 5 X =2tg2t°, 6 y_(x)
y = 2c0s”3t;
Variant 13
. X=2e* +4sin"y+4 X = 4arcsin 2t, 1
S 1 s y=(45)
y =cost®;
. 9e2y_2y2tgx+8ylnx:0 5 X:5COS\/;, 6. y=(|n X),\/arcc055x
' y = COs6t;
Variant 14
. X=28iny+5°05y 3 yZ(CtQBX)arCCOSX

. 6% —2ycosx+In2y =0

{ x = 3arctg’t,

y = 24/sint;

6. y =(arccos 2x)\W

Variant 15

. X=3Iny +5tg3y? 5

X = 3C0st,
’ y:3e3t 1

3Inx

3.y =(ctg2x)

. 5Ux0os2y +3cos(xy) =0 ;

{x:h/si?,

y =tcos3t;

6. y=(tg3x)""

Variant 16

. X=>5tgy +5c0s5y

, X = 4sin’t,
| y=+Jcost®:

3. y _ (X)5x+2

. 2x+e’ —tg(xy) + xcos6y =0

: x = 3tg’t?,
y=2v;

6.y :(In W)Ztgx
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Variant 17

1. x=2yIn*y+4ctg’y

41n x

3. y =(cos3x)

4, 5—ycosx+ yctgx=0 |5
y

X = 4tgt,
y =tcost;

X =Int,
2.
{ y = ctg (4t* + 2t);

6. y=(sin x)Jm

Variant 18

1. x=2y* +5sin3y

) {x:\/sinZt,

y = 2arccos’t;

3 y:(tgi’/;)com

4. 3x —3yctgx + cos(2xy) =0

y=25in\/f;

; { x = 3[ctgt,

6. y =(arcsin 3x)m

Variant 19

1. x= 3i + 2ctgy®

Jy

x=1In2t,
2.
y=2¢e';

4. 4y ﬁctgy +cos(xy) =0
X

5 {X=\/ECOSt,

y = Cos3t;

Variant 20

1. X =6tgy + 5c0s y*

X = Ctgt,
2

y =+/cost®;

4. 2xe’ —tg(xy) + xcosy =0

g { X = 4/ctgt?,

y =2c0s3t;

3ctgx
6. y= (cos EJ
X

1.9. Geometric, Physical and Mechanical Meaning of the Derivative

1. The derivative of the function y = f (X) for every x equals the slope of the tan-
gent to the graph of this function at a given point, i.e. f'(x,) =tge , where « is the an-
gle between the tangent line to the graph of the function at the point x, and positive di-

rection of theOx axis (Fig. 1).

Therefore, the equation of the tangent to the graph of the function y= f(x) at

the point M (X,;Y,) is
y_

y_YO

Yo = F'00)(X=%) -

1
F'(%)

(X=X,)-

25

(28)
The equation of the normal line to the graph of the function y= f(x) at the
same point M (X,;Y,) could be obtained by the formula:

(29)




Ya

f(xo)

\

0O / X, X
Fig. 1

2. Let the function y = f(x) describe some physical process. The derivative Yy’

Is the velocity of this process change. The magnitude of the average velocity is given

by % The instantaneous velocity can be obtained at limiting process as Ax—0
X

Hence the instantaneous velocity is [|im % and we realize that this limit is the first
Ax—0 AX
derivative f'(x).
This is the physical meaning of the derivative.
3. If S=S(t) is the law of motion of a material point then the derivative S'(t)

is the velocity v at any instant of time t and the second derivative S"(t) is the instan-

taneous acceleration a at any instant of time t, i.e.
v=S'(t); a=S"(t)=V'(t). (30)
This is the mechanical meaning of the derivative.
Example 1. Find the equations of the tangent and the normal lines to the curve
x—1

= which pass through the point x. =0.
y 21 P g P Xy

Solution. The ordinate of the tangency point is y, = y(0) =8—_1=—1, so this
+

pointis M (0;—-1) . Now let us find the derivative:

!

, ( x—1) _ (=)' +D) - (x*+1)(x=1) _ (X +1)—2x(x=1) _

x* +1 (x> +1)? (x* +1)?
X +1-2x2 42X —XP+2x+1
3+ (X +1)?
A . ., 0+2-0+1 .
The value of the derivative at point M is y'(0) = W =1. Using (28) and

(29) for x,,Y,,y'(0) we obtain:
y—(-1)=1(x-0)= y+1=x= y=x-1 s the equation of the tangent line;
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y—(—1)=—%(x—0):>y+1=—x:> y=—x-1 is the equation of the normal

line.
Example 2. Find the equations of the tangent and the normal lines to the curve
2
= X=X which pass through the point x, =2.
J— 2 —
Solution. The ordinate of the point x, =2 is y, = 4 24 2 _8-4 =1. The co-

ordinates of the tangency point are (2;1). The derivative of the function is
y'=(4x+xz)'=%(4—2x):1—g. Then  y'(x)= y'(2):1—§:0. Hence
y—-1=0(x—-2)= y-1=0=y=1 is the equation of the tangent line and x=2 is
the equation of the normal line.

Example 3. Find the equations of the tangent and the normal lines to the curve
4x* +6xy — y* =0 which pass through the point M (1;2).

Solution. Substitute the coordinates of the point M into the equation of the
curve 4-1+6-1.2-2*=0=0=0. The point M belongs to the given curve and
X =Ly,=2. The derivative of the implicit function is
(4x" +6xy—y*)=0=4-4x>+6(y+ xy)-4y’y =0=
= 16x°+6y+6xy' —4y’y'=0 = 16x°+6y+Vy(6x—4y’)=0 =

,_16x° + 6y 16-1°+6-2 16+12 28 14

" 4y® —6x 4.22-6.1 32-6 26 13

=Yy (M)=
Using (28) and (29) we obtain y—Z:%(x—l) = 13y-26=14x-14 =

—=14x—-13y =-12 is the equation of the tangentand y -2 = —ﬁ(x -H=

= y—2:—§(x—l):>14y—28:—13x +13= 13x+14y =41 is the equation of the

normal line.
Example 4. Find the equations of the tangent and the normal lines to the curve

x =cos’t; y=sin’t which pass through the point t =7/ 4.
Solution. We have a parametric curve equation. Find

X, =c0s*(>) = (\/E)3 22 ﬁ; Y, =sin®(2) = Q
4’2 8 4 42"
: , (sin®t)’  3sin®tcost T r
Using (23), y'= = ——=—1gt. y'(—)=-tg—=-1.
9(23).y (cos’t)’  3cos’t(—sint) gy (4) J 4
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The equation of the tangent: y—ﬁz—l(x—ﬁ); y_ﬁz_x+£;
4 4 4 4
J2
=—=X
y 2

Using (29) the equation of the normal line can be obtained:

V21, N2y N2 N2
VTN Y T X
Example 5. Find the angle between two curves: x*+y* =8 and y* =2x.
Solution. The angle between the two curves is the angle between their tangents

at the intersection point M,. Determine the angle following the known formula
tg¢— y;(xo)_yl,(xo)

Let’s find the intersection point of the given curves

RERHCIACH)
X*+y*=8 [x*+2x=8 |[x*+2x-8=0,
= =
y* =2x y? =2x y? = 2X.

The first equation has roots x, =—4 and x,=2.Hence y,, =£v2-2=+2. We
obtain two intersection points M,(2;2) and M,(2;-2). Find the angle between the
given curves at the point M,. The derivative of the function x*+y®>=8 is

2X X 2 2 :
2X+2yy'=0 =2y =——-=——; yY(M)=—==-1 y/(M,)=—==-1. The deriva-
yy Y=,y y(M)=-2 (M) =-2
H : 2 H ' ’ 2 1 ' 1
tive of the function y* =2x is 2yy'=2=y :2—:—,y(M1)E.
y
E_(_l) 14_1 §
Then tgg = 2 =2 :;:3;¢:arct93.
1 1 1
1+=(-) 1. = =
2 2 2
It is recommended to find the angle between the curves at the point M, indi-

vidually.

Example 6. The law of motion of a material point along a straight line is de-
4

termined by the formula x:tz—4t3 +18t>. At what point of time, its acceleration
equals zero?
4
Solution. The velocity of the material point V=X = (tZ — 4% +18t%) =

3
=4%—4~3t2+18°2t=t3—12t2+36t. Then the acceleration of the material point

a=V =(t>—12t* +36t)' =3t* —12- 2t + 36 = 3t> — 24t + 36. If the acceleration equals
zero,  3t?-24t+36=0=  t?-8t+12=0 = t,=4+.16-12=4+2 =

= t =6; t,=2. The acceleration equals zerowhen t=6s and t=2s.
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Example 7. A body with a mass of 5 kg moves rectilinearly according to the
law S(t) =t>3'. Find the kinetic energy of the body after 3 seconds from the start of

the movement.

mv?

Solution. The kinetic energy is E= Find the velocity

v=S(t) = (t23') =2t3' +1°3'In3.  Then v(3)=2-3-3°+3%-3°In3=81(2+3In3);

- _5-81°(2+3In3)’

=16402,5(2 +3In3)? (J).

Individual Task 6

Solve problems using (28), (29), (30).
Variant 1

1. On the function graph y = x(x —4)°, find the points where the tangent is par-

allel to the Ox axis.
2. Find the equations of the tangent and the normal lines to the curve

y= arcsin1 which pass through the point x, =2.
X

4t + 3
t+4

. Find

3. The law of a material point is determined by the formula S =

the velocity at time t=9 s.
Variant 2

3
1. Find the points in which the tangents to the curve y = % —x*—x+1 are par-

allel to the line y=2x-1.
2. Find the equations of the tangent and the normal lines to the curve

y =~/x* =9 which pass through the point x, =5.

3. The law of the motion of two material points along a straight line is deter-
mined by the equations S, =4t>+2, S, =3t*+4t-1. Find the velocity of the points
at a time when the distances covered by them are equal.

Variant 3
1. Find the points in which the tangent to the graph of the function vy :XL;
X —_
forms an angle 135° with the axis Ox.

, : : x—-1
2. Find the equations of the tangent and the normal lines to the curve y = — .
X°+

which pass through the point x, =0.
3. A material point of a mass m=5 moves rectilinearly according to the law
S(t) =tsin®3t. Find the momentum of this material point using the formula p=mv

atatimet=x/6.
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Variant 4

1. Find the points at which the tangent to the graph of the function vy :);L;

forms an angle 45° with the axis Ox.
2. Find the equations of the tangent and the normal lines to the curve

=t -sint, ) )
{X oI which pass through the point t, =7z /2.

y =t —cost
3. A material point of mass m=1 moves rectilinearly according to the law
2
S(t)= t \/J;_B under the action of the force F . Find the value of force F at time t=1s.
Variant 5
1. Find the points in which the tangents to the curve y? =x are parallel to the
line y=2x+1.

2. Find the equations of the tangent and the normal lines to the curve
{x:2cost—0032t,

which pass through the pointt, =z /2.
y = 2sint —sin 2t P J POInt fo =7

3. The law of a material point motion is determined by the formula S = ft +21.
+

Find the velocity of the motion attime t=2 c.
Variant 6

1. On the graph of the function y = x(x—1)* find the points at which the tan-
gent parallel abscissa axis.

. . i X+2
2. Find the equations of the tangent and the normal lines to the curve y = Y
X —

which pass through the point x, =1.
3. The law of motion of two material points along a straight line is determined
by the equations S, =4t*+2, S,=3t*>+4t—1. Find the point of time when the ve-

locities of the points are equal to each other.
Variant 7

3
1. Find the points in which the tangents to the curve y:%—x2 +Xx+17 are

perpendicular to the line y =2x-5.

2. Find the equations of the tangent and the normal lines to the curve
y =~/x* =9 which pass through the point x, =5.

3. A material point of mass m=2 moves rectilinearly according to the law
S(t) =tcos® 2t. Find the momentum of this material point by the formula p=mv at a
timet=x/6.
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Variant 8

1. Find the points in which the tangent to the graph of the function y :XL;
X_
forms an angle 135° with the axis Ox.
2. Find the equations of the tangent and the normal lines to the curve

X=1-t% _ .
; which pass through the point t, =2

y=t-t
3. A material point of mass m=3 moves rectilinearly according to the law

J2t* +5

t+1

under the action of the force F. Find the value of force F at time

S(t) =

t=1s.
Variant 9
3

X 5 find the points at which the tangent

1. On the graph of the function y =

parallel ordinate axis.
2.Find the equations of the tangent and the normal to the curve

3x —x* + y +2y* =0 which pass through the point M (3;0).
2t* +1

\/t+2'

3. The law of a material point motion is determined by the formula S =

Find the velocity at time t=1 c.
Variant 10

3
1. Find the points in which the tangents to the curve yz)%—x2 +3x+1 are

parallel to the line y=6x—1.
2. Find the equations of the tangent and the normal lines to the curve
x* +3y — 2x°y =1 which pass through the point M (1;0).

3. The law of a material point motion is determined by the formula S = a3 :
Jra
Find the velocity at time t=5 c.
Variant 11
1. Find the angle between the curves y=x* and y?=x at the intersection

points.
2. Find the equations of the tangent and the normal lines to the curve

2x* +8x+ y*+2 =0 which pass through the point M (-3;2).

3. The law of the motion of two material points along a straight line is deter-
mined by the equations S, =4t*+3, S, =3t’+2t-1. Find the velocity of the points
at a time when the distances covered by them are equal to each other.
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Variant 12
1. Find the point of the curve y =3x*-5x+1 at which the slope of the normal

line to this curve equals to 2.
2. Find the equations of the tangent and the normal lines to the curve

_ ] 2
X=Vo+L which pass through the point t, = 2.
y=2t+t°

2t +3
t+5

3. The law of a material point motion is determined by the formula S =

Find the velocity at t =4 c.
Variant 13

1. Find the point at which the tangent to the curve y=x>-5x"+20x*-3 is
perpendicular to the line y:—%wr? (all cases).

2. Find the equations of the tangent and the normal lines to the curve
3x* + 7x+ y* +5=0 which pass through the point M (-1;2).

3. The law of the motion of two material points along a straight line is deter-
mined by the equations S, =3t*+2t+6, S,=2t*+5t-1. Find the point of time

when the velocities of the points are equal to each other.
Variant 14

1. Find the equations of tangent and normal lines to the curve y = at the

x?+1

2
points of its intersection with the parabola y = X?

2. Find the equations of the tangent and the normal lines to the curve

X = 4sin’t,

{y =4cos’t

3. A material point of a mass m=4 moves rectilinearly according to the law

S(t) =sin®2t. Find the momentum of this material point using the formula p=mv at
atimet=x/3.

which pass through the point t, =7z /4.

Variant 15

1. The line y:§x+é is parallel to the tangent to the graph of the function

y=2x>-3x" - %7x . Find the tangency point coordinates (all cases).

2. Find the equations of the tangent and the normal lines to the curve
{x:Zcost,

_ which pass through the point t, =7z /2.
y =2sin2t
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3. A material point of a mass m=3 moves rectilinearly according to the law

2
t'+3 under the action of the force F . Find the value of force F at time t =15.

S(t) =

Variant 16
1. The point with ordinate y=-2 lies on the curve y=x®-2x*-x. Find the
equations of the tangent and the normal lines to the curve at this point (all cases).

2. Find the equations of the tangent and the normal lines to the curve y = X

X +1
which pass through the point x, =0.
2
3. The law of a material point motion is determined by the formula S = 2: +23 :
+

Find the velocity at time t =2 c.
Variant 17

1. The secant of the parabola y=3x*+6x—2 connects points with abscissas
X, =—1 and x, =1. Find an equation of the tangent which is parallel to the secant.

2. Find the equations of the tangent and the normal lines to the curve
y =+/x* =5 which pass through the point x, = 3.

3. The law of motion of two material points along a straight line is determined
by the equations S, =6t* +2t+3, S,=3t*+4t-1. Find the point of time when the

velocities of the points are equal to each other.
Variant 18

1. Find the angle between the curve y=3-2"" and the straight line y =3.
3

2. On the graph of the function y =

2 find the points at which the tangent
X —

line parallel to the abscissa axis.
3. A material point of mass m=5 moves rectilinearly according to the law
t+2

2t +1

S(t) = under the action of the force F. Find the value of force Fat time

t=1s.
Variant 19

3

1. On the graph of the function y = find the points at which the tangent

X+95
parallel to the abscissa axis.
2. Find the equations of the tangent and the normal lines to the curve

y= arcsin% which pass through the point x, =2.

33



3. The law of a material point motion is determined by the formula S = ot =3

gt+4°
Find the velocity at time t=3 c.
Variant 20
1. Find the points at which the tangent to the graph of the function vy :%

forms an angle 45° with the axis Ox.
2. Find the equations of the tangent and the normal lines to the curve

X=t-2t% _ _
{ which pass through the point t, =1.

y=3t-t°
3. A material point of mass m=3 moves rectilinearly according to the law

2 p—
S(t) = t under the action of the force F . Find the value of force F at time t=15s.

t+1
2. Differential

2.1. Definition and Geometric Meaning of the Differential

We have defined the derivative or differential coefficient as y' = % =lim %,
X Ax—0 AX

where dy/dx was not to be regarded as dy divided by dx but as the limit of the quo-
tient Ay/Ax as Ax —0.

There are, however, situations where it is important to give separate meanings
to dx and dy.

Let the function y = f(x) is differentiable at the point x, then f'(x) :Alimo%.
X—> X

Hence %: f'(X)+a,where « >0 as Ax—0.
X
Then Ay = f'(X)Ax + aAXx. The first term in the right-hand side of this equality

Is linear with respect to Ax and the second term is an infinitesimal of a higher order
than Ax. The first term is the main part of the increment of the function. It is referred
to as the differential of the function.

It is clear that Ax=dx, so dx is called the differential of x. Hence

dy = f'(x)dx (31)

The differential of the function f(x) for given values of x and Ax equals to the
increment QN of the ordinate of the tangent MQ to the curve y = f (x) at the point M,
when the argument of the increment is Ax (Fig. 2).

This is the geometric meaning of the differential.
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Jx+Ax)

f(x)

Fig. 2

2.2. The Main Properties of the Differential

Let u(x), v(x) are differentiable functions. Then
1. dc=0 (c—const)

2. d(utv)=du+dv

3. d(uv) =vdu + udv

4. dcu=cdu (c—const)

5-d(E):M’ £0
Vv \"

6. df (u)=ftu, u=u(x).
The last equation is called the invariance property of the first-order differential
form

2.3. Applications of the Differential dy = f'(x)dx to Approximate Calcula-
tions and Error Theory

According to fig. 2 the differential of the function dy is approximately equal to
Ay for the small increment Ax i.e. Ay =~dy, therefore

f(x+AX) = f(X)+ f'(X)AX. (32)
The relative error when calculating the value of the function y can be approxi-
mately determined using the differential, i.e.
&y d—y‘. (33)
y y

Example 1. Find the differential of the function y = arctgy/x* -1+ Incosx’.

~
~

35



Solution. Using (31) we have

dy =d(arctgvx* —1+Incosx?) = (arctg\/x2 —1+Incosx?)'dx =
1 1
=( . ——(=sinx 2)2x)dx =
(\/x2 ~1)*+1 24X’ —1 " cosx’
1
= (———— 2xtgx*)dX = (——
\/x -1 XVx2 -1

Example 2. Find the differential of the function x* + y* +3xy —15=0 at point
M(1;2).
Solution. Find the derivative of the implicit function
3X°+3Y°Y 43y 43Xy =0=> X2+ VY + Y+ xy' =0= V(Y +X) =—(X* + ).
;o XP+y 17 +2 3

= y'=———=. Using (31) we have dy(M) = -——dx=——=dx.
yiex 2*+1 5

Example 3. Find the approximate value (Evaluate) 3/30.
Solution. Let us consider the function f(x):§/§ . Using (32) we obtain

\/X+AX~\/;+
3(
tain Ax=3 and 3/27 +3 \/_+ 3+%:3+%:%th J?Tz%

(277
Example 4. Evaluate c03155°.
Solution. Let wus consider the function f(x)=cosx. Using (32),

CoS(X + AX) = €0OS X + (C0S X)' AX = COS X — SIN XAX .

— 2xtgx?)dx.

AX. In the given case we have x+Ax=30. For x=27 we ob-

Convert degrees into radians 155°:L155°:ﬁ. Let x:150°:5—”;
180 36
x+Ax:ﬁ, I.e. 7 Ax—ﬁ; Ax:ﬁ—S—ﬁzi. We  obtain
36 6 36 36 6 36
C0s155° = cosﬁ~0055—”—sm5—” . Using trigonometric formulas,
36 6 6 36
COSS—ﬂ-ICOS(ﬂ'—Z)Z—COSZI—ﬁ; sin5—”:sin(ﬂ—£):sin£:£.
6 6 6 2 6 6 6 2
Then
c05155°—c053—lﬂ~c035—”—sm5—7[ iz—i—1 d :—ﬁ—iz—o,%&
36 6 6 36 2 236 2 712

Example 5. Find the relative error in calculating the volume of the sphere, if
the error in determining its radius was Ar.
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!

403 Ar
AV _dv _V'(nar 3 _Axr’Ar AT
vV Vv V(r) 4 . g r
3 3
So, the relative error when determining the volume of the sphere is approxi-
mately equal to three times the relative error that was made when calculating the ra-

dius of the sphere.

Solution. Using (33)

Individual Task 7

Solve problems using (31), (32), (33).
Variant 1

1. Find the differential of the function y =3x* —x at the point x =1.
2. Using the differential, find the approximate value of cos9°.

3. Find the differential of the function y = 1003);

Variant 2
1. Find the differential of the function y = % + arctgg at the point x=1.
X

2. Using the differential, find the approximate value of J26.
3. Find the differential of the function y =tg°x
Variant 3

1. Find the differential of the function y = ;i);

2. Using the differential, find the approximate value of In1,1.

3. Find the differential of the function y =5""%"
Variant 4

X +1

X -1

2. Using the differential, find the approximate value of 483

3. Find the differential of the function y = +/arcsin x + (arctgx)?
Variant 5

1. Find the differential of the function y =27°*,

2. Using the differential, find the approximate value of arcsin0,02°

3. Find the differential of the function y = 3V 1 3x2 —44x
Variant 6

1. Find the differential of the function y =

1. Find the differential of the function y =Intg (g —2) :

2. Using the differential, find the approximate value of J27
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3. Find the differential of the function y =+/cos5x* + 3x2x
Variant 7

1. Find the differential of the function y =Intg (g —2) :

2. Using the differential, find the approximate value of sin12°

3. Find the differential of the function y =Intg (g —2)
Variant 8

1. Find the differential of the function y = 1cos>§ :

2. Using the differential, find the approximate value of tg12°.
3. Find the differential of the function y =27/

Variant 9
1. Find the differential of the function y =tg°x.
2. Using the differential, find the approximate value of In1,2.
x*+1
x* -1

3. Find the differential of the function y =

Variant 10
1. Find the differential of the function y =5""%.
2. Using the differential, find the approximate value of arccos0,02°.

3
3. Find the differential of the function y = %
Variant 11
1. Find the differential of the function y =/arcsin x + (arctgx)®.
2. Using the differential, find the approximate value of sin9°.

3. Find the differential of the function y = % + arctgg at the point x =1,

Variant 12
1. Find the differential of the function y = 3V 4 3x2 —4x .

2. Using the differential, find the approximate value (evaluate) of 3h31.
3. Find the increment and the differential of the function y=3x*—-x upon
transition of an independent variable from value x =1 to value x=1,02.
Variant 13
1. Find the increment and the differential of the function y=2x°-x* upon
transition of an independent variable from value x =1 to value x=1,02.
2. Using the differential, find the approximate value of ctg9°.

3. Find the differential of the function y = 1“ COSZX
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Variant 14

. Find the differential of the function y = % —arcctg g at the point x=1.
X

. Using the differential, find the approximate value of 17,

. Find the differential of the function y = ctg?/x

Variant 15
Ix+1

0.2x

. Using the differential, find the approximate value of In1,3.

. Find the differential of the function y =5"**

Variant 16

2x% +1

. Using the differential, find the approximate value of 4630

. Find the differential of the function y = +/arccos x + (arcctgx)®

Variant 17

. Find the differential of the function y =

. Find the differential of the function y =

1

. Find the differential of the function y =5¢inx
. Using the differential, find the approximate value of arcsin0,1°.

. Find the differential of the function y =3"* +3x° —%
X

Variant 18

. Find the differential of the function y = In cos(% - 2) .

2. Using the differential, find the approximate value of J10

3. Find the differential of the function y = \/tgx® + 3x?
Variant 19

. Find the differential of the function y = ‘B/tg (% — 2) .

. Using the differential, find the approximate value of ctgl12°

. Find the differential of the function y = cos In%

Variant 20
tgx

X2’

. Find the differential of the function y = 1

. Using the differential, find the approximate value of ctg31°.
1

. Find the differential of the function y =5"nx
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3. Higher Derivatives and Differentials
3.1. Higher Derivatives

Let a differentiable function y = f (x) is given in the interval (a,b). We can dif-
ferentiate the derivative one more time with respect to x. If the function f'(x) also

has a derivative in the interval (a,b), then this derivative is called the second deriva-

: , v enpn. A7y df
tive and is denoted by one of the symbols y"; f"(x); —; -
dx dx
If the derivative from the second derivative exists, it is called a third-order de-
o d d%
rivative, i.e. y"=—(—2).
y dx(dx2

By repeated differentiation, we can obtain the 4™, 51, ..., nth derivative.

In general, y™ =(y"Y".

The derivatives above the first order are called higher derivatives. Derivatives
above the third order are indicated by numbers in brackets.

Example1l. Find the third-order derivative of the function
y=x>—-3x"+2x*-3.

Solution. Consistently find: y'=5x* —12x% +6x*; y" = 20x® —36x* +12x;

y” =60x" —72x +12.

Example 2. Find the n- order derivative of the function y=a*.

Solution. y'=a*Ina; y"=a*Ina-Ina=a*In*a;
y"=a*lna-lna-Ina=a*Ina;...; y™ =a*In"a.

3.2. Calculation of the Second-order Derivatives of the Parametric Func-

tions
2
The second-order derivative ((; 2’ or y, ) of the parametric function
X
x=X(t), y=y() is
(&0
d’ dx
; LN (34)
X X
or
d2 NIV
dgzmﬂ’fﬂ. (35)
X (X)
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. d?y _ _ x = Int,
Example 1. Find —;- of the parametric function ,
dx y=t"-1
2 _qy
Solution. We have dy (D, _2t_ 2t°, Using (34)
dx (Int), 1
t
dzy _ (th)t ﬂ 4t2
dx*  (Int), 1
t
2 X = 2cost,
Example 2. Find d Z of the parametric function { _
X y =3sint
Solution. Using (35), we find the second derivatives:
X, =-2sint, x; =-2cost, Yy, =3cost, y;=-3sint. Using (35),
d®y _—3sint(-2sint) — (—2cost)3cost _ 6sin“t+6cos’t 3
dx’ (—2sint)? —8sin’t 4sin®t’

3.3. Higher-Order Derivatives of the Implicit Functions

[Tyctb dyHKIMs 3agana HesiBHO F (X, Y) =0. UToObl HaliTH MEPBYIO MMPOU3BOI-

Hy10 TpoaudPepeHupyemM 3T0 paBEHCTBO MO X M PEUIUM TOJYYEHHOE ypaBHEHHE
orHocutenbHo Y'. To find the second derivative of the implicit function we can dif-

ferentiate the first derivative with respect to x and substitute its value in the resulting
formula. If we continue differentiation, we can find derivatives of any order one after
another. All of them will be expressed in terms of the independent variable x and the
function y.
Example 1. Find y" of y=sin(x+Y).
Solution. We differentiate the given function with respect to x
y'=cos(x+Y)-(L+Yy") and find y" explicitly:
y'=cos(x+y)+y'cos(x+y) = y(@L-cos(x+y))=cos(x+y) =
, _ COS(X+Y)
1-cos(x+Y)
We differentiate the resulting ratio with respect to x:
» _ —=Sin(x+ y)(L+ y)(L—-cos(x + y)) —cos(x + y)sin(x + y)(L+ y') .
V= (L—cos(x + y))? ’
o (@+Y)(=sin(x+y)+sin(x + y)cos(x + y) —sin(x + y)cos(X +y) _
y= (1—cos(x + y))? -

=

A+ y)(=sin(x+Y)
~ (L—cos(x+Y))?
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(1+ cos(x+y) jsin(x +Y)

Meaning y' = — Y e have y7 = — L-cos(x+y) =
1-cos(x+ V)’ (1—cos(x +y))*
:_(1—cos(x+ y) +cos(x + y))sin(x + y) __sin(x+y)
(1—cos(x +y))®? (1—cos(x+y))*

3.4. Higher Differentials

Let the function y= f(x) has all derivatives from 1% to nth order. The n'-
order differential is a differential of the (n-1)"-order differential of that function:
d"y=d(d"'y),i.e. d’y= f"(x)dx*; d’y=f"(x)dx’....

Example 1. Find d’y of yzi/xiz.

| .2

Solution. We obtain y':(f/x_z) :Ex‘m; y _—(—E)x““:— 2 .
3 3 3 93 X4

2 o2
93/x* 9x3/x
Example 2. Find d°y, of y =sin®x.
Solution. We obtain y”=2sinxcosx=sin2x; y"=2c0s2X;
y" =—4sin2x. Hence d®y = —4sin 2xdx’.

Then d’y =— dx?.

Individual Task 8

Using (34), (35), find the second-order derivatives of given functions.

Variant 1 Variant 2 Variant 3 Variant 4
x2 _ 2
1. y=xe 1 Y= 1 : 1. yx+— @+x%arctgx 1. y=.,/(4-x?)
2. X* +y*=3xy X 2.8 =xy 2. € +4xy =y’
. 2. In(x+y)=y—x ‘-
X =arcsint, X =e sint, X = arctgt,
> =InL-t?); 3 X =atcost ’ = e cost; 3 2
Variant 5 Variant 6 Variant 7 Variant 8
1. y=tg(¥1+x?) 1 y=4cos’x—cosx 1. y=+fsinx-In*x 1 y=5ctgy/l+x®
2. tg(xy)=y—-x 2. e =sinxy 2. +2x° =3xJy  2.tg(xy) =y — 3%

3 x=3«/c033t, 3 x:eﬁsint, 3 X =arcsint, 3 X =5t cos 2t,
' y = 2t%sint?; ' y=etJeos2t: y =+ (1—t2); | y=5sin2t;
Variant 9 Variant 10 Variant 11 Variant 12

1. y=@@+x*)cos’x 1. x’ +xy=¢" 1. y=tg(x++1+x?) 1. y=3In’x-sin3x
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2. In(2x+y) =xy X 2. cos(xy)=5y—x 2 53/@:23"1 Xy
- 2. y=——re
, {X=Sm t, J@-x) [ x=5vcosdt, L [x=¢'sintgt,
y:53t; 3 X=Ct92t, y:58|ﬂ42t, . y:4,fcost’
y=3.
Variant 13 Variant 14 Variant 15 Variant 16
1. y=e¥ 1. y=+1-x*sinx L v V1-x2 1. y=5x*cos3x
2. Xy =3x—.y 2sin(x-y)=y-x Y = arcsinx 2. SCtgx+xy =y
« gl . X = 5t°, 2. tg(x +4y) =4xy ; {x_arctgtz,
3. {y:tzet " | y=5tctgt; 3 X = 2e”, " | y=3sin5x.
y =e' cos2t;
Variant 17 Variant 18 Variant 19 Variant 20
1 y=5ad L y=tg/x—+sinx 1 y=vInx-tg’2x 1 y—5i<
2. In(xy)=y—x* 2. 35x+2y=sinxy 2

. 3x% = 2xy® =5y+/X 2X
=5 Y : 3y 2-t9(—)=\/y2—x
{X 2+Jcos’t {X:ez‘ﬁ 3. {X— arcsin 3t, y

: X = 3t cos’t,
y:23|n\/f; y =+/cos2t*; @-9t%); 3 {

y = 3sin 2t;

w
w

4. Lopital’s Rule

The Lopital’s rule is a tool for finding the limit of a function when revealing

the indeterminate such as % or 2
o0

Theorem (Lopital’s rule) Let the functions f(x) and g(x):

1) be defined and differentiable in a vicinity of a point x,, except perhaps the
point x, itself, moreover g'(x) = 0 in this vicinity;

2) lim £(x) =1limg(x) =0 or lim f(x) = lim g(x) = co;

3) the finite limit lim F'x)
X—>Xg g (X)

Then the limit lim ——= ()
% g(X)

exists.
exists and

Ilmf() im (). (36)
=% g(x) =% g'(x)
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Note that sometimes an error is made to look for a limit Ilm( E ;j instead of
X—>Xg g X

a limit lim f’éx;. Lopital’s rule applies to the calculation of basic indeterminates %
X—Xg g X
or Z . The expressions 0-o0, o—oo, 17, 0° o° can be reduced to basic ones.
o0

Indeterminate 0-co (lim f(x)g(x) if lim f(x)=0 and limg(x)=o0) can be
reduced to the basic indeterminates as follows:
f(x 0 X 00
f(0g(0 = {O} or £(x)g(x) =9 ={—}. 37)
= - o0
g(X) f(x)

Indeterminate oo —oo (lim f(x)—g(x) if lim f(x)=o and lim g(x) =) can

be reduced to the basic indeterminates as follows:
1 1

f(9-09 =900 100 {2}, (38)
09900

Indeterminate 1°, 0°, o® can be reduced to the indeterminate 0-co using pre-
liminary calculation of the logarithm, i.e. representing the function as

(f(x))g(x) :eg(X)Inf(x) ) (39)
3x _EZX

Example 1. Find Img

X—>! X

3x_ 2X 3x_ 2X\/ 3x_ 2X
Solution. Iime ¢ _ 9 :wzﬁmu::%—Z:l
x—0 X 0 X' x—0

Example 2. Find “mln_2x :

X—0 X

, 1

) i In x
Solution. “mln_zx {OO}—I m( ) =limX =lim— 1 =0.
o0 X—»00 (Xz) x>0 2X X0 2X

X—>00 X

Example 3. Find lim e - __ZX :
x50 x—sinx

Solution.
lim& =% —<X __ZX = {g}zlim (e e __ZX) _im&FE —< —2:{9}. We reapply
x>0 X —sinX 0] 0 (x—=sinx) x>0 1—COSX 0
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the Lopital’s rule: im& 8 =2 _jim® —© ={9}. Once again, we apply the Lo-
x>0 1—CcOoSX x>0 sinX 0
e —e” e*+e” 1+1

pital’s rule: lim— =lim
x>0 SIN X x>0 COS X 1

Example 4. Find lim((z — 2arctgx)In x) .

2.

Solution. lim((z —2arctgx) Inx) ={0- o} . Using (36), we obtain
2

- 5 2
lim(( — 2arctgx)In ) = lim 2~ 237¢19%) ={9 _lim L X _ i 2XIN°X ={f _
X—>0 X—>o0 i 0 X—>0 1 X—>o0 (1_|_ X )

o0
In x X
In? x
1 1 1
IN?x + x2Inx= ) 2Inx=+2=
) . In“x+2Inx o0 ) . Inx+2
=2lim X _lim———"— "= =\ |lim—X X _2]im =
X—0 2X X—0 X o0 X—0 1 X—>0 X

1
:{f}:zlimizznmlzo.
o0 x>0 1 X—® X

Example 5. Find Iim(tgx—i).
ot COS X

Solution. fim(tgx ———) = {o0 — o0} = lim (s - ) -

X7 COS X x_>% COSX COSX

. sinx=1 |0 . COSX 0
=lim =<{—¢t=lImMm———=—=0.
Hg COS X 0 Hg—smx -1

Example 6. Find lim x*"*,

x—0

Solution. limx™™ ={0°}. We calculate the logarithm of the function

x—0
sin x

y =limx™™. We obtain Iny=Inlimx™. We know that Inlim f(x)=limIn f(X).
x—0 x—0 x—0 x—0
Then
1
. i v _Inx . M . sin®x
Iny =limInx*"* =limsinxInx = {000} = lim—= = lim—*— = —lim = {as
x—0 x—0 x-0 1 x—»0  COSX x—0 X COS X
sinx sin® x
- 2 -
. sin“x . 2SINXCOS X .
cos 0=1} =lim = lim———==0,ie. Iny=0and y=¢®=1.
x—>0 X x—0 1
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Using (36—39), find the limits of functions by the Lopital’s rule.

Variant 1
X3 =3x*+2
x->1 X —4X° 43

lim(Gy®

x=>0 X

Variant 5

X =3x%+2
. lim 5 >
x>0 2X° +4X° +3

. (l 1 )
clim| =———
-0\ X sinx

1 sin2x
: Iim(—)
x=0\ X

Variant 9
4x% +3x% +2

. lim

. lim

. lim

N

Variant 13
. lim

5x* —3x% + 2x

w

. lim

oo X+ 4X% + 7

) X

lim(z —x)-tg—=
X—>7 2

1

. lim x*t

x—1

. lim

Individual Task 9

Variant 2
Incos x

Variant 6
Incos x

x>0 2sin X

x=0 SIN X — 2X

1

. (1—=X\x
lim| ——
H0(1+x]

Variant 10

Incos x
x>0 X% 4 X
Ny b
lim—
x-0 5N 3X — X

1
lim(5” + x)2*

x—0

Variant 14
arcsin 3x
0 1
tgx — X
x=0 X —Sin X

lim(1-sin 2x)Cth

x—0

. lim

x—0 1
arcctg (]
X

. lim

Ccosx —e”*

. lim(cos x)Ctgx

. lim

. lim

Variant 3
lim In(x-1)

ol ctgrx

. lim

Insin2x
x->0 Insin x

lim(Zy

x=0 X

Variant 7
In(L+ x)

sin 2Xx
x—0 tgx

. [ X+2 s
. lim| ——
x—0 X

Variant 11

. dimiInx-In(x-1)

x—1
1

lim(2* =1) - x

X—>0

x—0

Variant 15
1-cos5x

x—0 thX
2Inx .
x>l 1—X

1

i (x+2jﬁ
. lim| ——
x—>0\ 2 —x

2

Variant 4

e +x-1

X2

. lim(tgx)>***

X—>=

2

lim(5 + x)*

Variant 8
e ¥ +sinx-1
m

3x°

. lim(sin x)'%

2

(5+ xjx
m [
X—2

Variant 12

Variant 16
e ¥ +sinx-1
m

3x?

. lim(sin x)*'%
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Variant 17 Variant 18 Variant 19 Variant 20

1 2X 5 3 i
1. lim(In(x +e))x 1 limi=® 1 [im 22X =8X +2X ¢ lim 2rCsin3x
0 x>0 tgx oebxt +3x2+9x 0 tgaX
2. IimM 2 i 1-cos7x 5 1im Inx 2. Ixiggxlnx
=0 tg5X + 4X - X'ﬂg—t 7o RN -
2 gex _ ax 3 lm(1-x)
3. Iim(cos—) 3. IirTg(COSX)ctgx 3. LILYOI(CIQZX) x>
X—>00 X X—>
5. The Application of Differential Calculus
5.1. Increasing and Decreasing of a Function. Local Extremum of a Func-
tion

Let x,<x, and f(x)< f(x,) for any two points x, X, from the interval
(a;b). Then the function f (x) increases in the interval (a;b).

Let x,<x, and f(x)> f(x,) for any two points x, X, from the interval
(a;b). Then the function f(x) decreases in the interval (a;b).

Signs of increasing and decreasing of a function:
1) if £'(x)>0 for all x € (a;b) then the function f(x) increases on (a;b);

2) if f'(x) <0 for all x e (a;b) then the function f(x) decreases on (a;b).
A function f(x) possesses a local maximum at a point X if there exists a vicini-
ty 0<|x—x,|<& of the point x, from the domain of a function and f(x) < f(x,) for

all points from this vicinity.
A function f(x) possesses a local minimum at a point xo if there exists a vicinity
0<|x—X,| <& of the point x, from the domain of a function and f (x) > f (x,) for all

points from this vicinity.
Figures 3 and 4 show the geometric meaning of the previous definitions.

Y A YA

(%) | mm e ,
fx)[[~~"""" "/ e

y=f(x) y=f(x)

i o (] — NG |
| I L -
| o | e
) x-éx xlo )I( )Ic+6x )f @) x—éx xlo )I( 3;+6x X
X, s the point of maximum X, 1S the point of minimum
Fig. 3. Fig. 4.
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Let us find out the conditions for the existence of a local extremum.
Theorem 1 (A necessary condition for the existence of a local extremum) If
the function f(x) has a local extremum and is differentiable at the point X, then

f'(x,)=0.

Consider the geometric meaning of Theorem 1. If the function f(x) has a lo-
cal extremum and is differentiable at the point x, then there is a tangent to the graph
of the function y = f(x) at this point and this tangent is parallel to the axis Ox. The
condition of Theorem 1 is not a sufficient condition. For example, the derivative of
the function y=x® at the point x=0 is equal to zero, but the function has no extre-

mum at this point.
Points at which the first derivative is zero are called critical points.
Theorem 2 (The first sufficient condition for the existence of a local ex-
tremum) Let x, is a critical point of the function f(x) and the function f(x) is con-

tinuous at this point. Let the function f(x) has a derivative f'(x) in this vicinity ex-
cept possibly the point x,. Then:

1)if f'(x)>0 in the interval (x,—0;%,) and f'(x)<0 in the interval
(Xy: X, +0) then X, is the point of the local maximum of the function f(x);

2)if f'(x)<0 in the interval (x,—0;%,) and f'(x)>0 in the interval
(Xo; X, +0) then x; is the point of the local minimum of the function f (x) ;

3)if f'(x) has the same sign on both intervals (X, —J; x,) and (X,; X, +9),
then the function f(x) has no extremum at the point x, .

Theorem 3 (The second sufficient condition for the existence of a local ex-
tremum) Let X, is a critical point of the function f(x), i.e. f'(x,)=0. Let in the vi-

cinity of the point x, there exists a second continuous derivative and f"(x,)=0.
Then the point X, is the point of local minimum if f”(x,) >0 and the point x, is the
point of local maximum if f"”(x,)<0.

5.2. Finding an Extremum of a Function

To determine the local extremum of the function f(x) we need:
1) find critical points of the function f(x), i.e. solve the equation f'(x,)=0.

Select those points that are internal points of the domain of a function. Then find
points at where the derivative does not exist;

2) investigate the sign of the derivative in each of the intervals between critical
points;

3) determine the maximum and minimum points of the function by determin-
ing the sign of the derivative f'(x) change when passing through critical points from

left to right. Calculate function values at these points.
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Example 1 Find intervals of monotony and the local extrema of the function

X5

f(x)= X_E'
Solution (—o0;+) is the domain of the function. Find the critical points:
f'(x) :l—gx4 =1-x'=(1-x)A+x*)=1-x)1+x)1+x*)=0.

So, points x =41 are the critical points. Now let us find the signs of the deriva-
tive on each of the intervals:

f'(x) W
f(x) \ —vl / f \ ;(

Hence, if x e (—o0;—1) U (L;00) then the function is decreasing. If x e (-1;1) then

the function is increasing. According to Theorem 2 x=-1 is the point of the local
minimum and x=1 is the point of the local maximum. Then
-1)° 4 1)° 4

_——’ max: 1:1—— —.
c =Y y@® =T

Example 2 Find intervals of monotony and the local extrema of the function

f(x):x2+£.
X

Solution (—o0;0) U (0;0) is the interval on which the function is defined (do-
main). The derivative

1 1 , X 1
2x°=2) 2(Xx—=)(X*+ =+~
ooz ko2t 2 TR Tty

X2 X2 )(2 X2 .

f’(x) is equal to zero at the point x = % and does not exist at the point x=0. Find

the signs of the derivative on each of the intervals:

0 N - N/

+
f(x) \ 6 \ 1 / 'X

2
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If X e (—00;0)U(0;

) then the function is decreasing. If XE(— o) then the
Ep 7y
function is increasing. Moreover, x:% — is the point of the local minimum. Then

MV S S S y—1+\/_ 142 3 3%/5
R T LT T s
2
Note that the point x =0 is not a critical point because at this point the function
Is not defined.

Example 3 Find function monotonicity interval and the local extrema of the

function f(x)= —1

X+3
Solution (—o0;—3) U (—3;00) is the domain of the function is defined. Find the

derivative

F1(X) = (Xx-D'(x+3)—(x-D(x+3) 1(x+3)—1(x—1) _ x+3—x+1: 4 |
(x+3)? (x+3)? (x+3)?  (x+3)°
f'(x) =0 for all x. Draw only a point x =-3 on the axis. The function is increasing
on the whole numerical axis.

f '(X) \/

A

f(x) / -3 / X

The function is not defined at the point x =-3.

Example 4 Find the local extrema of the function y = 2x® +3x* —1.

Solution (—oo;0) is the interval on which the function is defined. Derivative
y' =6x* + 6X. Solve the equation y'=0. 6x° +6x=0=6X(Xx+1)=0=x=-1,x=0
are the critical points. Find the second derivative y"=12x+6.

Find the sign of the derivative y’ at the critical points:
y'(-)=12(-)+6=-6<0; y“"(0)=12-0+6=6>0. By the Theorem3 x=-1is
the point of maximum and x=0 is the point of minimum, moreover
y(-1) =2(-1)°+3(-1)* -1=-2+3-1=0; y(0) =2(0)’ +3(0)* —1=-1.

Individual Task 10

Find intervals of monotony and the local extrema of the function.

Variant 1 Variant 2 Variant 3 Variant 4
y =0,5x" —4x* X 3x 1
Yy=— Y= Y=<
X +1 X +4x+4 (x=D(x—4)
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Variant 5 Variant 6 Variant 7 Variant 8
y=e* - _ 55X _4-2x o x+1
- 2 - 2 Y=T"7
4—X 1-Xx (x-1)
Variant 9 Variant 10 Variant 11 Variant 12
y:x2+i2 y:3x2—l :X2—4 y= X’
X X 2x° (x—2)
Variant 13 Variant 14 Variant 15 Variant 16
X y:x—z __2x y=X+3-X
y= _4 X 1+ x?
Variant 17 Variant 18 Variant 19 Variant 20
xX*+1 y= X X X
N x—1 Y =1 Y=g

5.3. The Largest and the Smallest Value of a Function on an interval
(Global Extrema)

To determine the largest and smallest value of the function y= f(x) on the
segment [a;b] we need:
1) find f'(x) and critical points of the function f(x);

2) calculate the value of the function at critical points which belong to the in-
terval [a;b] and at the points a, b;

3) choose the largest and smallest value among the obtained ones.

Example 1. Find the largest and smallest value of the function
f(x) =x° —3x* +3x+2 on the segment [-2;2].

Solution. Find the critical points from the condition f'(x)=0:
f'(x)=3x"-6x+3=0; = 3x*-6x+3=0; = (x-1)*=0 = x,, =1. This point
belongs to the segment [—2; 2] : We have
f(=2)=(-2)°-3(-2)*+3(-2)+2=-8-12—-6+2=-24;
f()=1-31+31+2=1-3+3+2=3;
f(2)=2°-3-2°4+3.24+2=8-12+6+2=4,

Hence, f,=f(-2)=-241,=1(2)=4.

Example 2. Find the largest and smallest value of the function f(x)=x*Inx
on the segment [1L;e].

Solution. Find the derivative
2

f'(x) = (x*Inx)" = (x*)' Inx + x*(Inx)' = 2xIn x X
X
=2xInx+x=x(2Inx+1). Find the critical points from the condition f'(x)=0, i.e.

X(2Inx+1)=0. x>0 for the function Inx, then x=0. So, find the critical points
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1
from the condition 2Inx+1=0 = Inx:—% = X=e? =%. This point does
e

not belong to the segment [1;e]. Calculate the values of the function at the ends of the

segment, i.e. at the points x=1 and x=e.
f(1)=1*In1=0; f(e)=e’Ine=e®. Hence, f, = f(e)=e’ f =f(1)=0.
Example 3. Find the largest and smallest value of the function

f (X) = x+cos® x on??? the segment [O;%} :

Solution. Find the critical points:
f'(X) = (x +cos®* x)' =1+ 2cos x(—sin x) =1—sin2x =0;

sin2x=1; 2x:%+27zn, neZ;x:%wzn, neZ .

Choose the points which belong to the segment [0%} It is the point x:%.

Find the value of the function at the ends of the segment and at this point.

2
f(0)=0+c0s20=1: f(5)=Z +cos?(By="+ Q _z §:ﬂ+2;
4" 4 4" 4 2 4 4 4
T TN_T7 T, T
(2) 2 (2) 2 inf () sup (2) 5

Individual Task 11
Find the largest and smallest value of the function in the specified segment.

Variant 1 Variant 2 Variant 3 Variant 4
y=6x°—15x* +10x* +2, Yy=2sinx+cos2x,  y=1tgx+cCtg2x, y=2x*—Inx,
: T w T .
x €[0;3] XE[O;E] Xe[g;g] xe[Le]
Variant 5 Variant 6 Variant 7 Variant 8
— 2 J— — J— . X 5 —
y=X+—, y=In(x"-3x+4) y=(x-1)-e7, y:X 48,
X x €[0;3] x €[0;3] X
xe[1;3] xe[-31]
Variant 9 Variant 10 Variant 11 Variant 12
y=3x"-16x +2, y=vx—x°, y=(x=-1)-e7, y=(x+)¥x*
xe[-31] xe[-2;2] xe[0;3] xe[-13]
Variant 13 Variant 14 Variant 15 Variant 16
_1+Inx _Inx y= 3x y=xInx
X X X2 +1' 1
1 xe[Le] X €[0;3] xelzil
X e [E;e] ’ ’
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Variant 17 Variant 18 Variant 19 Variant 20

y=x><e*, y =In(x* —3x+4) _ X -2x42  y=e™,
XE[—4;O] X€[0,3] x-1 , XE[—3;3]
x e[1.5;3]

5.4. Convexity and Concavity of Curves. Inflection Points

The curve y = f(x) is convex in the interval (a;b), if all its points, except the

point of contact, lie below the tangent to the curve in this interval (fig. 5). The curve
y = f(x) is concave in the interval (a;b), if all its points, except the point of contact,

lie higher the tangent to the curve in this interval (fig. 6). An inflection point is a
point on a curve that separates its convex part from the concave (fig.7).

yl\ y A y A

Fig. 5 Fig. 6 Fig. 7

Theorem 4 Let the function y= f(x) be a twice differentiable function in the
interval (a;b). Then:

1)if f"(X)<0, xe(a;b), then the function graph is convex in the interval
(a;b);

2)if f"(x)>0, xe(a;b), then the function graph is concave in the interval
(a;b).

A necessary condition for the existence of an inflection point follows from
Theorem 4. The points at which the second derivative f"(x) is equal to zero or does
not exist are called the second kind of critical points of a function y = f (x).

We formulate sufficient conditions for the existence of inflection points.
Theorem 5 Let X, be a second-kind critical point of the function y = f(x). If

the second derivative f"(x) changes sign when passing through the point x, then the
point (X, ; f(X,)) is the inflection point of the curve y = f (x).

Example 1. Find the convexity and concavity intervals and the inflection
points of the curve y = x> —3x* +9x +6.

Solution. Find y'=3x*-6x+9; y’'=6x—6.
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Solve the equation y"(x)=0; 6x—-6=0; 6(x-1)=0; x=1,
I.e. x=1 is a second-kind critical point. Find the sign of the second derivative at each

of the intervals.
o S+

'

s 2

If x<1 then f"(x)<O0 and the curve is convex. If x>1 then f"(x)>0 and the

curve is concave. When passing through the point x =1, the second derivative chang-
es sign. Hence, the point (1;13) is the inflection point of the curve.

Example 2. Find the convexity and concavity intervals and the inflection
points of the curve y = x* —12x® + 48x* —50.

Solution. Find the derivatives: y'=4x>—-36x>+96x; Yy’ =12x*—-72x+96.
Find the second-kind critical points (y"(x)=0): 12x* —72x+96=0; x*—6x+8=0;
(x—2)(x—4)=0; x, =2, x,=4. Obtain a sign of the second derivative at the ob-

tained intervals.
£(x) W

fx) N/ 2 TN 4 X

For xe(—0;2)U(4;+00) f"(x)>0 and the curve is concave. For xe(2;4)
f"(x) <0 and the curve is convex. Find y(2) and y(4): y(2) =62 and y(4)=206.

The points (2;62) and (4;206) are the inflection points of a given curve.
Example 3. Find the convexity and concavity intervals and the inflection

points of the curve y=x*(12Inx-7).
Solution. Find the derivatives: y'=(x*)'(12Inx-7) + x*(12Inx - 7)'=

=4x*(12Inx-7) + X4E=4x3(12In Xx—7)+12x> =16x*(3Inx —1);
X

y" = (16x*(3Inx—1))' =48x*(3Inx —1) +16x>- 3 48x*-3Inx =144x*Inx. We calcu-
X

= O =
X N x =0,
Inx=0 X, =1.
sider the function graph y=Inx (Fig. 8).

late 144x°Inx=0 :>{ =. We obtain a critical point x=1. Con-
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y=In(x)

Fig. 8

We define the sign of the second derivative in the vicinity of the point x=1.

£7(x) /V

f(x) 0 M 1 X

If xe(0;1) then the curve is convex, if xe (1) then the curve is concave;
y(1) =—7. The point (1;7) is the inflection point of a given curve.

5.5. Asymptotes of a Curve

The straight line to which the curve point approaches infinitely when it is un-
boundedly distant from the origin is called the asymptote of this curve. We consider
three types of asymptotes: vertical, horizontal, and inclined (Fig. 9-11).

YA VA A
y /‘
W\ y=fx) <
y=f(x)
\
b
0 b x; o x= 6 X
fig. 9 fig. 10 fig. 11
The line x=c is the vertical asymptote (Fig.9) if [im f(X)=%0 or
Xx—>Cc+0
|irrjof(X)=ioo.
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The line y=kx+b is the inclined asymptote (Fig.11) if finite limits

lim T _ =k (k#0) and [im (f(x)—kx)=b exist.

X —to X X0
Note! We should consider both cases x — 4o and x — —o.
The line y=Db is the horizontal asymptote (Fig.10) if finite limits
lim f(x)=b exist.
X — $oo
6x* +3x°
5x3+1
Solution. We equate the denominator of the fraction to zero and find the dis-

continuity point of the function: 5x* +1=0; x°= —%; X :—i/g. The function has a

Example 1. Find the asymptotes of the curve y =

discontinuity of the second kind at the point x=—i/%. Then the straight line

X= —i/g Is a vertical asymptote of the curve.

Then we find the equation of the inclined asymptote:

6x“+3x3 6+3
4 3 4 3 —t —
k=lim ) O35 O3y X iy — x5,
x—>0 X X—»00 X(5X _|_1) x—o By® 4 x x—o Gy X x—>oo5+ 1 5
Xt xt x>
6x*+3x® 6 30x* +15x% —30x* — 6x
= f (x) —kx) = —————=X) =i =
b= lim(T () =k) = lim("g a5~ X) =lim 5(5%° +1)
15x°  6x 15 6
i 15x° —6x 3 _?—I' X2 3.
TWNBEX D) 0w 25¢ 5 e 5 B
3 T3 RINE
X X X

y =kx +b; y:gx+g; 5y=6x+3; 5y—6x—-3=0 is the equation of the inclined

asymptote.
. . . 6x* +3x°
To find the horizontal asymptote we obtain I|mf(x)_llmﬁ:
X—00 X—>00 X +
6x* 3x° 3
—t— 6+—
—|Imgx—1—|lm 5 ﬁ = o0, i.e. there are no horizontal asymptotes.
il R
¥ x* x X
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5.6. Algorithm of a function investigation. Curve Sketching

To investigate the behavior of a function the following steps could be used:

1) find the domain of a function;

2) find the points of discontinuity and establish their characteristics;

3) find the intersection points of the function graph with the coordinate axes;

4) check if the function is periodic, even, or odd;

5) find the points of the local extremum, the value of the function at these points,
as well as the intervals of monotonicity of the function;

6) find the inflection points, as well as the intervals of convexity and concavity;

7) find the asymptotes of the curve and investigate function behavior at infinitely
distant points;

8) sketch the graph of a function.

3x* +1

X3

Example 1. Investigate and sketch the function y =

Solution. Follow the scheme mentioned above.

1. The interval on which the function is defined: x e (—o0;0) U (0;0).

2. The point of discontinuity is x=0. Calculate

4 4
lim 3x le= 1 =—o0; lim 3x +1: 1 =+o0, then x=0 is the point of dis-

x—0-0 X3 -0 x—0+0 X3 +0
continuity of the second kind.

3. The graph does not cross the ordinate axis. To find intersection points of the
3x* +1

X3

3x* +1=0. This equation has no real roots. The function does not cross the axis Ox.
4. The function is not periodic.

graph with the abscissa axis, we should solve the equation: y=0, =0,

3(-x)*+1 3x*+1
(_X)S _X3
f (—x) =—1f (x) —the function is odd, its graph is symmetrical with respect to the origin.

Check if the function is even or odd: f(-x)=

!

3x* +lj S 12%° X = (3x*+1)3x*

5. Find the derivative: Y’ :(

X3 (XS)Z
12x° —9x° —3x*>  3x°-3x* 3x°(x'-1) 3(x*-1(x*+1)
C3(x=D(x+1) (x> +1)

- Solve the equation y =0, 3(x-1)(x+1)(x*+1)=0
X

= x =1 x,=-1. x,=1 x,=-1 X,=0 are the critical points. Study the sign of
the derivative at each of the obtained intervals.
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frx) + : : +
S > X

-1 0 1
fo _—7 T~ T~
The function decreases in the interval (-1, 0) u (0,1) and the function increases

in the interval (—oo;—1) U (Leo). There is a local maximum at the point x,=-1

_1\4
(0.4, Fig. 12) and y,,, =y(- =2 =20

=—4. There is a local minimum at

4. The function is

the point x, =1 (p. B, Fig. 12) and y_. =y(l) = 30" +1 3;1

(D)°

undefined at the point x, =0.

3(x* 1)j' _ 34K = (X' —1)4x°) _
X

6. Find the second derivative: y” :( n (x")?
X

3(4x" —4x" +4x°) 12x® 12
= X8 = X8 = F .

£(x) V‘x
19 N

The curve is convex in the interval (—o;0) and the curve is concave in the in-
terval (0;0).

7. From 2 follows that the line x = 0 is a vertical asymptote.

Find the inclined asymptotes if they exist:

Ax*+1
f(x 3 3Ax* +1
y =kx+b; k=|imL=lim X = |im ——=3;
x>t X X—>F00 X x—to X
3x* +1 3x* +1-3x* 1 )
b= lim (f (x) —kx) = Ilrp( =3 = lim ——5——= ”rPF:iO’ ie. y=3x

is the inclined asymptote. There are no other asymptotes.
8. Plot the function (Fig. 12).
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Fig. 12

Example 2. Investigate and sketch the function y =</x®> —2x*.

Solution. Follow the above scheme.

1. The interval in which the function is defined is all the abscissa axis.

2. There are no points of discontinuity.

3. 1fx=0,theny=0. If y =0 then x =0 or x = 2. So the curve goes through
points B(0;0) and 4(2;0).

4. The function is not even or odd (indifferent). Thus, there is no symmetry.

5. Find the derivative:
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y'= (M) = E(X?’ _ 2X2)§ (3% —4x) = 3x% — 4x _ X(3x — 4) i
3 C’a%/(x3—2x2)2 33/()(2()(_2))2

M. There are critical points x=0;x=2;x = ﬂ.
3% (x—2)? 3

0 4/3 2

The function increases in the interval (—oo;O)U(g;oo) and the function de-

creases in the interval (O;g). The point x = 0 is a point of maximum and
Yo = Y(0) =0. Since the first derivative does not exist at the point x = 0, this is the

point of maximum. The point x = % IS a point of minimum.

2 3
ymin:y(ﬂ):3[ﬂj (E_ZJ:3_§:—2JZ%—1,1.
3 3) 3 27 3

The point x = 2 is not an extremum point.
6. Find the second derivative:

4 4 4
X(X—— X(X—— X——
(x=2) (x=2) 3

) 3Ix*(x—2)° - X - 3x(x —2)? - Ix(x—2)°
3/x(x —2)? —(x—g):lg(x(x—Z)z)_3((x—2)2 +2x(x—2))

(3 X(x —2)° )2

~ 4 ((x=2)° +2x(x-2))
3 —2) _(x——
_\/x(x )" —(x 3) T )

Ix*(x-2)*
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) 33/X3(X_2)6 B (3x 4)(()( 2)()( 2+2X)) ) 93,—)(3()(_2 T (3x— ) (x-2)(3x-2) )
B 3-¥x*(x-2)° B 9-3x*(x-2)° B
C(X=2)Ox(x—-2) - (3x—4)(3x—2)) _ (x—2)(9x* —18x—9x* +6x+12x—8) _
B 9-§/x“(x—2)8 B 9-%/x“(x—2)8 B

8 (x-2)

The second derivative does not exist when x =0 and x = 2.

f(x) + + -
o 8 > X

0\ 2

The curve is concave in the interval (—o0;0)U(0;2) and the curve is convex in
the interval (2;0).
7. There are no vertical asymptotes.

3[(3 o2
Find the inclined asymptotes: y=kx+b; k= lim ) E(X) = lim X =ex X2X =1;
b= IirI](f(X)—kX): qul(*3/X3—2x2 —x)={o0—o0} =
R =-2x? —x)(%/(x?’ —2x%)% + x3YX° = 2%% + x2)
= lim =
Xt (%/(x3 —2%%)2 + x¥x* - 2%% + x2)
x> —2x% = x° 2

= lim =——.
o (3(x3 - 2x%)? +xYx®-2x2 +x) 3
Then y=x —% Is an inclined asymptote.

8. Plot the function (Fig. 13).
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Fig. 13

Individual Task 12

Investigate and sketch the function.

Variant 1

b) f(x)= T
Variant 3
a) f (x):%(lzx—xs);

b) f(x):(x;—zl)z.

Variant 5
a) f(x)=2x"+3x"-1;
_x+1

b) f(x)="—5".

X

60

Variant 2
a) f(x)=x*-6x*+5;
2(x-3)
b) f = .
) 100=1 5
Variant 4
a) f(x)=x>-3x+2;
4(x-1)
(x+1)2 '

b) f(x)=

Variant 6
a) f(x)= %(x4 —4x3) :

b) f(x):@—jjz.



Variant 7
a) f(x)=3+2x"—x*

3

b) f(x)= (Xil)z.
Variant 9

a) f(x):%xs—Zﬁ;

2x% -18
b) f = .
) (X) X+ 2
Variant 11
a) f(x)=3x"—4x’+1;
b) f X
X)= .
) () (x+1)2
Variant 13
1
f(x)=—=(x"+4x%);
a) f(x) 9(x + x)

4

b) f(x)_x2+2x—2'
Variant 15

a) f(x)=4x"—-2x";
x* +1

b) f(x)= vt
Variant 17

a) f(x)=3+2x"—x*;

) F(x)=—X

x> -1
Variant 19
a) f(x)=2x"+3x*-1;
x+1)°
b) f(x):g.

X

6. Specific Tasks

Variant 8

a) f(x):x2+%x3;

—-8x
b) f = .
) F(¥) x?+1

Variant 10
a) f(x)=x>-3x%;
b) f(x)

X2 +2x-3
—

Variant 12
a) f(x)=x"-4x%;

2X% + X +1
b) f == - =
) (X) X+1

Variant 14

a) f(x)=2x"+3x%
2

b) f(X):Zx erlG.

X

Variant 16
a) f(x)=3x"-2x"-1,

x—3)
b) f (X)Z%.
Variant 18

a) f (x):—%(x2 —4)2;

b) f(x)= ?)((3__2))(2)

Variant 20
a) f(x)= %(x“ —4x3) )

x? —3x+3

b) f(x)=

In this section, the application of the above theory for solving specific prob-

lems is considered.



Example 1. There are boards available that can be used to build a 200 m long
fence. It is necessary to protect the rectangle of the yard of the largest area using the
wall of a nearby house for one side of the yard (Fig. 14).

Solution. Denote by x the length of those sides of the fence that are perpendic-
ular to the wall of the house. Then the length of the side which is parallel to the house

is 200 — 2x, and the area of the entire yard is S = F = x(200 — 2x) = 200x — 2x°.

200 - 2x

BRI

Fig. 14

Note that x changes in a segment [0;100]. The problem is reduced to determining the
largest value of the function in the segment. Using 5.2, find F’'=200-4x. Putting
F'=0 find the critical point 200—4x=0 or x=50. It is a point of maximum be-
cause F”"=-4<0. This point corresponds to Fs,. So, the size of the yard is 50 x
100, and its area is equal to 5000 m?. If we take other sizes, for example, 45 x 110 or
55 x 90, then we get a yard with a smaller area.

Example 2. From a round log of diameter d, it is necessary to cut a riser,
which has a rectangular cross-section and can absorb the greatest load. What should
be the size of the riser?

Solution. The riser is a structural member that works for compression. There-
fore, it will absorb the greatest load when its cross-sectional area is largest. The task
Is to determine the rectangle of the largest area that can be entered into a circle of di-
ameter d (Fig. 15).

Fig. 15
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Let x and y are the sides of the rectangle. Then y=+/d*-x* and the area of
the rectangle S =S(x)=xvd?-x*, 0<x<d,a

d2—x2—x2 d? —2x?
S'(x)=+/d? - 2X = .
()= 2\/d2—x \Jd? = x? Jdi=x?

a2 — X — (@2 2% )d‘fx

” _x? —Ax(d?—x%)+x(d* —2x?)
$"() = 2 _y? - 22 2 2 -
d* - x (d? —x*)Vd? - x
2 a2
= x((dzzx 23)3/2). S'(x) =0 when x = +T and does not exist when x ==d . Since the
— X

function S(x) is defined in the interval (0;d), then it has a single critical point
d

X=—.
J2
Find the second derivative and determine its sign at this point.
d? d
—(2=—-3d%) —=(-2d? 3
500 =8" () -2t oo
2 (dZ_Q )3/2 d2 \/E d2
2 2 2

he  function S(x) reaches a maximum at this point. Then

2

y=+d*-x*=,[d*——= :d?. So, the square riser with the section

side equal to ﬁ assumes the greatest load.
Example 3. Find the dimensions of a can of volume V at which the least mate-
rial will be used for its production.

Solution. Let the can have the shape of a cylinder with base radius r and height
h. Then the full surface of the can is S =2zr?+2zrh. The volume of the can is

V =zr’h, then h=-" and S:S(r):27zr2+27er2:2(7zr2+\i). Find the
7zr

2

zr
smallest function value S(r): 2—?:2(2 ——) 2( ) If 271 =V =0 then
3—? =0, i.e. the extremum point is r =1, :i/%.
dlzj :2(27z+%).
r=r, ‘(j;rf :2(2;z+i)—\§):2(27z 2VZ”) 127 >0.
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So, the function S(r) has a minimum at r=r,. Since |irTJS(r):oo and
limS(r) =0, this value is the least in the interval (0;). Find the height

he v 2rr®

zr? xr?
cylinder, its height must be equal to its diameter.

Example 4. A vessel with a vertical wall of height h stands on a horizontal

plane (Fig. 16). At what depth should the hole be placed so that the range of water

discharge from the hole is the greatest (the fluid velocity that flows according to the
Torricelli’s law is /2gx , where x is hole placement depth, g is an acceleration of

gravity)?

=2r. Thus, to have the smallest surface for a given volume of the

Fig. 16

Solution. We define H is the distance of the hole in the vessel from the hori-
zontal plane and | is her water discharge ranging. Then | =vt =,/2gxt where t — a

2
time of water discharge ranging from the hole to the plane. It is known that H = i,

t=\/2H =J2(hg_x), ie. 1=1(x)=20x @:2 x(h—x), 0<x<h. Find

g
: h—2x h
the largest value of the function I(x): I'(X) =——=—, I'(x)=0 of x=—. As the
Jx(h=x) 2

function I(x) has the only critical point x:g, and by the condition of the problem

there is such a position of the hole at which the maximum range of water out of the
hole is the greatest, then this critical point is the desired.

Example 5. Let the light bulb move along a vertical line OB (Fig. 17). At what
height from the horizontal plane do you need to place the light bulb so that at the giv-
en point 4 of the plane (O4 = a) the illuminance is greatest?
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¢

a A
Fig. 17

sing
r.2
tionality coefficient, which depends on the light intensity of the bulb; r = B4 is the

distance from the bulb to the point 4. Let the desired height OB = x, then

Solution. It is known that the illuminance is | =k

where Kk is a propor-

X
2 2
sing=>=—2X__ 4 1=1(x)=k A +a ", moreover, within the
r Jx2+a2 X“+a (x*+a%)
meaning of the problem x € (0;x).
We have
k(x2+a2)3’2—kxz(x2+a2)”22x k(X +a%)V2(x? + a% —3x?)
I, X)= = =
( ) (X2+a2)3 (X2+a2)3
k(a® - 2x%) a
=————. I'(X)=0of x,=t—.
(X2+a2)5/2 ( ) X1,2 \/E

The function 1(x) does not have other critical points. Since the interval (0;)

contains only one critical point x :% and by the condition of the problem, there is
a bulb position at which the illuminance at point A is greatest, then the desired height

oB=-2

N
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Appendix 1

DERIVATIVE TABLE

L |c'=0 2. | (eY) =eu
, | X'=1 8 (log,u) ==log,e-u’ (a=const)
UV —W (Inu)':E u’
3 (U+v-w) =u"+V'— 8a. 0
4 (u) =uv+uw g. | (sin u) =cosu-u’
4a. (Cv) =Cv' 10. (cosu) =—sinu-u’
u) uv-u ' Y capr2
> (Vj Y 11, | (199) = gy W msecu-y
C , CV' '__ T 2000y
5q (VJ =- 12 (ctgu) = Gozy U =—cosec’u-u
uj_v (arcsinu) = L v
5b.| { ¢ C 13. 1—u?
a) ad _ const (arccosu)':— L v
6. (u ) =au“"-u" (a=const) 14. -
o1 1
6a. (\/J) :ﬂ u 15 (arctgu) =T u
1y 1, 1
&b, (a) =— 1. (arcctgu) = T
S| (a*) =a*Ina-u’ (a=const) | 45 | (U") =vutu+uInu-v
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